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I 1 1  computer programs i n  October 1976, f o l l o w i n g  t h e  p r i n t i n g  o f  
Volume 1. 
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The Phase I 1 1  programs c o n s i s t  o f  t h ree  d i f f e r e n t  d i g i t a l  
computer programs, one each f o r  the  s i m u l a t i o n  o f  t h e  b rak ing  per-  
formance o f  s t r a i g h t  t rucks ,  t rac to r -semi  t r a i l e r s ,  and doubl es 
combinat ion veh ic les .  Each o f  t he  t h ree  programs cons is ts  of  a  
M A I N  program and INPUT, OUTPUT, and FCTl subprograms, i . e. , the re  
i s  a  d i f f e r e n t  ve rs i on  o f  each o f  these programs assoc ia ted w i t h  
each o f  the  th ree  v e h i c l e  types.  I n  a d d i t i o n ,  a  group o f  "suppor t "  
subprograms, which i nc l ude  HPCG, ANTLKR, PRINT, BRAKE, TABLE, ROAD, 
INPOA1, INP5A6, and INPAIR, are used by these t h r e e  programs. 
A l l  t he  programs a r e  w r i t t e n  i n  FORTRAN I V .  The core s torage 
requirements f o r  t he  programs are: 
S t r a i g h t  t r u c k  programs : 8991 2 by tes  
Tractor-Semi t r a i  1  e r  programs : 13561 6 bytes 
Dou b l  es programs : 162032 bytes 
Support  programs : 148656 by tes  
A general f l o w  diagram f o r  t he  Phase 111 proqrams was presented 
i n  Sec t ion  2.0 (F igu re  2.1). To f u r t h e r  a s s i s t  t he  user i n  under- 
s tand ing  t h e  program f low,  Table A-1 reviews t he  var ious subrout ines, 
p resen t ing  t h e i r  e n t r y  po in ts ,  t h e  programs f rom which they a re  
c a l l e d ,  and t h e i r  f unc t i ons .  Also, Figures A-1 through A - 5  present  
f l o w  diagrams f o r  va r ious  subrout ines.  

TABLE A - 1  (Cont .) 
Subrout ine  En t ry  P o i n t s  C a l l e d  From Funct ion  
ANTLKR ANTLKR INPUT Read a n t i l o c k  p a r a m e t e r s .  









Modify b rake  p r e s s u r e  depending on 
a n t i l o c k  per formance .  
A s s i s t  i n  p r i n t i n g  a n t i l o c k  
p a r a m e t e r s .  
BRAKE INPUT Read b rake  module p a r a m e t e r s .  
BRAKE 1 INPUT Echo b rake  module p a r a m e t e r s .  
BINIT OUTPUT 
B CAL CU TORQUE 
I n i t i a l i z a t i o n  c a l c u l a t i o n  f o r  b r a k e  
modules.  
C a l c u l a t e  b r a k e  t o r q u e  u s i n g  b rake  
modules.  




A v a r i e t y  o f  Handle t a b u l a r  d a t a .  





Accept d a t a  d e s c r i b i n g  t h e  sprung 
mass. 
C a l c u l a t e  a x l e  p o s i t i o n s  on t h e  
v e h i c l e .  

TABLE A-1 (Cont . )  
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APPENDIX B 
THE SUSPENSION MODELS 
B .1 General Suspension Program F o r m  t 
I n  t h i s  appendix, t h e  mathematical models used t o  s imu la te  
each o f  t h e  o p t i o n a l  suspension types a v a i l a b l e  t o  t h e  user  w i l l  
be reviewed. I n  t h i s  f i r s t  s e c t i o n  o f  t h e  appendix, c e r t a i n  
cons idera t ions  commn t o  var ious suspension types w i l l  be considered. 
Because o f  t h e  v a r i e t y  o f  op t i ons  a v a i l a b l e ,  a l l  suspension 
c a l c u l a t i o n s  a r e  performed i n  suspension subprograms which a re  p a r t  
o f  t h e  t o t a l  s i m u l a t i o n  program. To f a c i l i t a t e  t h e  man ipu la t ion  
o f  suspension op t i ons  w i t h i n  the  program, a l l  i n d i v i d u a l  fo rces  
( i  .e., to rque  rod ,  sp r i ng ,  f r i c t i o n ,  e t c . )  which a suspension 
app l i es  t o  t he  sprung mass a re  summed i n t o  a genera l i zed  v e r t i c a l  
f o r ce ,  h o r i z o n t a l  f o r ce ,  and moment which a c t  through and about t h e  
"Suspension Reference P o i n t  .*" These general  i z e d  fo rces  and moment 
a re  then passed f rom t h e  suspension subprogram t o  t h e  main p o r t i o n  
o f  t h e  program f o r  t h e  sprung mass c a l c u l a t i o n s .  Th is  general 
format i s  employed by t h e  s i m u l a t i o n  f o r  b o t h  s t a t i c  and dynamic 
c a l c u l a t i o n s .  
For  dynamic c a l c u l a t i o n  t h e  general  i z e d  forces and moment 
a re  named TSFV ( t o t a l  suspension fo rce ,  v e r t i c a l ) ,  TSFH ( t o t a l  
suspension fo rce ,  h o r i z o n t a l ) ,  and TSTORQ ( t o t a l  suspension t o rque ) .  
S ign  convent ions f o r  these general  i z e d  fo rces  are:  
TS FV i s  p o s i t i v e  f o r  t e n s i l e  fo rces  between sprung 
and unsprung masses ( sp r i ngs  extended from t h e i r  
s t a t i c  l eng th )  
i s  p o s i t i v e  f o r  fo rces  between sprung and 
unsprung masses which tend t o  acce le ra te  t h e  
sprung mass 
*The Suspension Reference P o i n t  f o r  each o f  t h e  suspension op t i ons  
was de f ined  i n  Sec t i on  2 .  
TSTORQ i s  p o s i t i v e  f o r  moments wh ich  tend  t o  produce 
a p o s i t i v e  p i t c h  of t h e  sprung mass ( i  .e., 
f r o n t  up, r e a r  down). 
Note t h a t  each o f  these v a r i a b l e s  i s  t h e  dynamic component o f  
t h e  g e n e r a l i z e d  force ,  i .e., t hese  v a r i a b l e s  a r e  ze ro  a t  s t a t i c  
e q u i l i b r i u m .  
I n  t h e  s t a t i c  c a l c u l a t i o n  t h e  v a r i a b l e s  SSFV and STORQ a r e  
t h e  e q u i v a l e n t s  o f  TSFV and TSTORQ, r e s p e c t i v e l y .  Fo r  any sus- 
pens ion,  two cons tan ts ,  SRATIO and SCONST a r e  a l s o  d e f i n e d  such 
t h a t :  
STORQ = SRATIO SSFV + SCOMST (B-1) 
These two c o n s t a ~ ~ t s  a r e  p r o p e r t i e s  o f  a suspension wh ich  a r e  
c a l c u l a t e d  u s i n g  pa ramet r i c  i n p u t  s u p p l i e d  by t h e  u s e r .  The va lues 
o f  SRATIO and SCONST a r e  determined d u r i n g  t h e  f i r s t  o f  two 
i n i t i a l i z a t i o n  e n t r i e s  t o  t h e  suspens ion subproy-am. These values 
a r e  passed t o  t h e  main p o r t i o n  o f  t h e  program which t h e n  c a l c u l a t e s  
t h e  d i s t r i b u t i o n  o f  s t a t i c  suspens ion l oads  about  t h e  v e h i c l e  
( i  .e., SSFV f o r  each o f  t h e  v a r i o u s  suspensions) . SSFV i s  passed 
t o  t h e  suspens ion subprogram a t  t h e  t i m e  o f  t h e  second i n i t i a l  i z a -  
t i o n  e n t r y  and t h e  s t a t i c  wheel loads a r e  c a l c u l a t e d .  
I n  t h e  l a t t e r  s e c t i o n s  o f  t h i s  appendix,  t h e  mathematics o f  
each suspension model w i  11 b e  d iscussed.  These d i s c u s s i o n s  w i  11 
be c o n f i n e d  t o  t h e  equat ions  o f  m o t i o n  o f  t h e  unsprung masses and 
t o  t h e  c a l c u l a t i o n  o f  SRATIO, SCONST, STORO, TSFV, TSFH, and 
TSTORQ.* The manner i n  which these  f u n c t i o n s  a r e  employed i n  
sprung mass- re la ted c a l  c u l a t i o n s  w i l l  b e  cons ide red  i n  Appendix C .  
I n  d e r i v i n g  t h e  equa t ions  f o r  t h e  suspension models, t h e  
f o l l o w i n g  assumptions were made: ( 1 )  t h e  f o r c e  i n  t h e  suspension 
i s  t h e  sum o f  t h e  f o r c e s  due t o  coulomb f r i c t i o n ,  v iscous f r i c t i o n  
*Note t h a t  SSFV i s  d e l e t e d  f r o m  t h i s  l i s t  f o r  i t  i s  c a l c u l a t e d  
i n  t h e  sprung mass p o r t i o n  o f  t h e  program. 
and t h e  s p r i n g  fo rce ;  ( 2 )  t h e  suspension fo rces  a re  always i n  
t h e  "z" d i r e c t i o n .  The d i f f e r e n c e s  between r e s u l t s  der i ved  us i ng  
t h i s  assumption and r e s u l t s  de r i ved  assuming t h a t  t he  fo rces  a re  
perpend icu la r  t o  t h e  frame o f  t h e  v e h i c l e  a re  n e g l i g i b l e  f o r  smal l  
p i t c h  angles.  
Most o f  t he  suspension op t ians  a l l ow  f o r  t he  i n c l u s i o n  o f  
coulomb f r i c t i o n .  The c l a s s i c  express ion u s u a l l y  denoted by t he  
term " c o u l o h  f r i c t i o n "  i s  
where 
f i s  t h e  f o r c e  of  f r i c t i o n ,  
p i s  an expe r imen ta l l y  de r i ved  parameter, 
N i s  t he  con tac t  "normal f o r c e "  between two 
s l  i d i n g  su r faces .  
Equat ion (8-2)  i s  emp i r i ca l  i n  na tu re ,  and descr ibes approx i -  
mate ly  an observed phenomenon. To il l u s t r a t e  t h i s  p o i n t ,  cons ider  
the  s imp le  system shown i n  F i gu re  B-1 . 
F igu re  B-1 . Mass s p r i n g  system w i t h  v iscous damping and 
coulonb f r i c t i o n .  
The equa t ion  o f  mot ion o f  t he  mass M shown i s  
f o r  
o therwise,  
where CF i s  t h e  maximum a l l owab le  magnitude o f  t h e  cou lo rk~  f r i c t i o n  
f o r ce  m, F ( t )  i s  t h e  d r i v i n g  f o r c e  on t he  system, K i s  t h e  
s p r i n g  r a t e ,  C i s  t h e  v iscous damping c o e f f i c i e n t ,  z i s  t he  d i s -  
placement o f  t h e  mass M (z=O a t  t h e  f r e e  l eng th  o f  t h e  s p r i n g ) ,  
and g  i s  t h e  g r a v i t y  constant .  
From Equat ion (B-3a),  i t  can be seen t h a t  no mot ion i s  
p o s s i b l e  f o r  t h e  system i n i t i a l l y  a t  r e s t  u n t i l  t h e  magnitude o f  
t h e  q u a n t i t y  Mg + F ( t )  - Kz becomes g r e a t e r  than / C F / .  A t  t h i s  
p o i n t ,  mot ion ensues, which i s  descr ibed by Equat ion (B-3b), u n t i l  
t he  system aga in  meets t he  cond i t i ons  o f  Equat ion (B-3a).  
I n  develop ing a  d i g i t a l  s i m u l a t i o n  o f  a  system w i t h  coulomb 
f r i c t i o n ,  Equations (B-3a) and (B-3b) p resen t  s p e c i a l  problems. 
S ince t h e  v e l o c i t y  t i s  known o n l y  a t  d i s c r e t e  po in t s ,  t h e  t ime  
when ; equals  zero cannot e a s i l y  be found. Thus, t h e  ac tua l  t ime  
t o  sw i t ch  f rom s o l u t i o n  o f  Equat ion (B-3a) t o  s o l u t i o n  o f  Equat ion 
(B-3b) i s  n o t  known. There a re  a v a r i e t y  o f  ways t o  c i rcumvent  
t h i s  problem, some o f  which a re  cons idered below: 
( a )  Cont inuous ly  s o l v i n g  Equat ion (B-3b). Th is  method 
i s  u n s a t i s f a c t o r y  ( e s p e c i a l l y  f o r  l a r g e  amounts o f  
coulolrb f r i c t i o n )  s i n c e  t h e  system w i l l  " c h a t t e r "  
around t h e  s t a t i c  e q u i l  i b r i u m  p o s i t i o n .  A s l  i g h t l y  
nega t i ve  ; produces l a r g e  coulomb f r i c t i o n ,  which 
causes l a r g e  p o s i t i v e  z .  When t he  1  arge p o s i t i v e  
z i s  i n t e g r a t e d  ove r  a  s h o r t  t ime,  p o s i t i v e  5 
r e s u l t s .  The c y c l e  then repeats  w i t h  oppos i te  
s i gns . .  The pe r i od  o f  t h i s  " c h a t t e r "  i s  t w i c e  t h e  
i n t e g r a t i o n  t ime  s tep .  
( b )  Use an "equiva l  e n t  v iscous damping." By t h i s  method 
an increased va lue o f  C i s  chosen t o  compensate f o r  
t h e  e l i m i n a t i o n  o f  coulomb f r i c t i o n .  Th is  method 
can be  u s e f u l  when t h e  coulorrl, f r i c t i o n  forces a re  
smal l  compared t o  t h e  v e l o c i t y  s e n s i t i v e  forces, 
b u t ,  i n  general ,  i t  cannot y i e l d  s a t i s f a c t o r y  r e s u l t s  
i n  t r u c k  dynamics s i nce  t h e  fo rces  o f  coulomb 
f r i c t i o n  a r e  norma l l y  much l a r g e r  than those o f  
v iscous f r i c t i o n .  
I n t r oduce  a  "dead zone" around s t a t i c  equi  1  i b r i um .  
Th is  method i s  shown schemat ica l l y  i n  F i gu re  B-2,  
Th i s  method has proven q u i t e  s a t i s f a c t o r y  f o r  suspen- 
s ions i n  which bo th  v iscous and coulomb f r i c t i o n  are 
present .  I n  t he  event  t h a t  t he  v iscous c o e f f i c i e n t  C 
i s  zero, however, t h e  s i m u l a t i o n  a l lows  v e l o c i t y  up 
t o  = 6 w i t h  no energy l o s s .  I n  d i g i t a l  computa- 
t i o n  t h i s  can cause t h e  same t ype  o f  c h a t t e r  descr ibed 
i n  ( b )  above. 
(d) Use a  l i m i t i n g  ( s a t u r a t i o n )  f u n c t i o n .  A schematic 
diaqram showing t h e  f u n c t i o n  used i n  t he  s i m u l a t i o n  
i s  g iven  i n  F i gu re  8-3. This  f u n c t i o n  e f f e c t i v e l y  
e l im ina tes  t he  problems w i t h  the  methods descr ibed 
i n  ( a ) ,  ( b ) ,  and ( c ) .  
There i s  no f r e e  zone around s t a t i c  e q u i l i b r i u m .  Thus, g iven 
l a r g e  enough 6 ,  a l l  c h a t t e r  i s  e l im ina ted .  The value o f  6 should  
be smal l  enough, however, t o  preserve t h e  charac te r  o f  coulomb 
f r i c t i o n .  A method f o r  t h e  computat ion o f  6 i s  g i ven  below: 
Coulomb F r i c t i o n  
Figure B-2. Couloh fr ic t ion w i t h  dead zone. 
C o u l o m b  F r i c t i o n  
Figure 8-3. Coulorrb fr ic t ion represented by 1 i m i  ting 
(saturation) functions. 
6 should be large enough so that i f  the coulont, f r ic t ion 
were the only force applied t o  the unsprung mass and the sprung 
mass, the velocity in the suspension could not change from 6 to 
a negative value in one integration time step. This precludes 
the onset of chatter.  
The free-body diagram of a system of sprung and unsprung 
masses, which can represent a truck or a t ractor ,  i s  shown in 
Figure B,-4. The relative velocity between the sprung mass and 
the unsprung mass may be written: 
Figure B-4. System used in sample calculations of 6 .  
Thus: 
D u r i n g  a t ime  i n t e r v a l ,  a t ,  t h e  change i n  suspension v e l o c i t i e s  
a r e  
The coulomb f r i c t i o n  b reak  p o i n t s ,  + 6 ( I )  i n  F i g u r e  8.3  f o r  
suspensions 1 and 2 a r e  s e t  a t  
DELl = laS l  Dl 
DEL2 = laS2DI 
I n  a s i m i l a r  manner, i t  can b e  shown t h a t ,  f o r  a t r a i l e r  
sus pens ion 
Since, i n  the  program, t h e  i n t e g r a t i o n  t ime step, ~ t ,  i s  
always ,0025 second, c a l c u l a t i o n s  l e a d  t o  t y p i c a l  va lues f o r  t h e  
break p o i n t s  i n  t h e  neighborhood o f  3 inches/second. Thus, t h e  
s imu la ted  " f rozen"  suspension w i  11 a1 low smal l  r e l a t i v e  v e l o c i t i e s  
( 1  ess than, say, 3 inches/second) r a t h e r  than h o l d i n g  r e l a t i v e  
v e l o c i t y  t o  zero,  and t h e  p o s s i b i l i t y  o f  numerical  i n s t a b i  1  i t y  
due t o  t h e  coulorrt, f r i c t i o n  i s  thereby e l im ina ted .  
Several  o f  t he  suspension op t i ons  i nc l  ude v iscous dampi ng 
due t o  t h e  use o f  shock absorbers.  The viscous f r i c t i o n  c o e f f i -  
c i e n t  i s  t h e  s lope  o f  t he  f o r c e - v e l o c i t y  cu rve  f o r  t h e  shock 
absorber.  The use r  may s e l e c t  t h e  s lope  i n  rebound and compression 
as i s  shown i n  F i gu re  B-5.*  I f  no damping i s  des i red,  t h e  user  
may en te r  va lues o f  zero.** 
V e l  o c i  t y  
Compress ion 
S lope  C ( I )  
Fo rce  
( c o m p r e s s i o n )  
R e b o u n d  S l o  
C ( I t 1 )  
F i gu re  B - 5 .  Force-vel  o c i  ty  c h a r a c t e r i s t i c  o f  shock absorbers. 
*To conform w i t h  popu la r  shock absorber t e s t  p r a c t i c e ,  
compression i s  shown p o s i t i v e .  
**Further cons ide ra t i ons  i n  t he  use o f  v iscous damping were 
r e f e r r e d  t o  i n  Sec t i on  3. 
The s p r i n g  f o r c e  a t  an a x l e  may be  denoted by a  l i n e a r  
r e l a t i o n s h i p  
where 
K ( 1 )  i s  t h e  s lope  o f  t h e  f o r c e - d e f l e c t i o n  curve 
i n  pounds/ i nch 
S ( 1 )  i s  t h e  suspension d e f l e c t i o n  f rom i t s  s t a t i c  
l eng th  i n  inches.  
A1 t e r n a t i  ve ly ,  i n  t h e  s i n g l e  a x l e  and wa l k i ng  beam suspensions, 
a  nonl i n e a r  f o r c e - d e f l e c t i o n  r e l a t i o n s h i p  may be used. An 
example i s  shown i n  F igure  B-6, i n  which f o u r  p o i n t s  a re  used. 
The f o r c e  i n  t h e  s p r i n g  w i l l  then be  found through 1  i n e a r  i n t e r -  
p o l a t i o n .  (Use o f  s p r i n g  t a b l e s  was discussed i n  Sec t i on  2.0.) 
Fo rce  
(pounds c o m p r e s s i o n )  
X U s e r  E n t e r e d  P o i n t s  
D e f l e c t i o n  
compress ion )  
F i g u r e  8-6. Nonl i near s p r i n g  f o r c e - d e f l  e c t i o n  c h a r a c t e r i s t i c s .  
As a  f i n a l  p r e l  im inary  p o i n t  t o  t h e  d iscuss ion  of  t h e  
i n d i v i d u a l  suspension models, ment ion o f  t h e  coord ina te  system 
t o  be employed i s  appropr ia te .  The f o r e / a f t  mot ion o f  t h e  unsprung 
masses i s  l abe led  " X "  w i t h  t h e  p o s i t i v e  d i r e c t i o n  forward. I t  
i s  assumed t h a t  t he  X motions o f  bo th  t h e  sprung and a l l  unsprung 
masses a r e  r i g i d l y  coupled. The v e r t i c a l  motions o f  t h e  unsprung 
masses a r e  l abe led  "ZS" ( subsc r i p t ed  b y  "1" and " 2 "  t o  denote 
1  eading and t r a i l i n g  ax1 e, r e s p e c t i v e l y ,  where appropr ia te )  , w i t h  
t h e  p o s i t i v e  d i r e c t i o n  downward. To simp1 i f y  t h e  f o l l o w i n g  
p resen ta t ions ,  i t  i s  assumed t h a t  t h e  v e h i c l e  frame remains a t  a  
f i x e d  v e r t i c a l  p o s i t i o n ,  however, i n  t he  ac tua l  c a l c u l a t i o n s  o f  
the  Phase I 1 1  programs, v e r t i c a l  motions o f  t h e  frame a re  p rope r l y  
cons idered i n  c a l c u l a t i n g  sp r i ng  and f r i c t i o n a l  fo rces .  
B.2 The S ing le -Ax le  Suspension 
A schematic diagram o f  t h e  s i ng le -ax l e  model appears i n  
F i gu re  B-7. Table  B-1 presents  t he  nomenclature used i n  assoc ia t i on  
w i t h  t h i s  model . 
F igu re  8-7. Sing1 e-ax1 e  suspension model . 
Tab1 e B-1 . Sing1 e-Ax1 e Model Nomenclature. 
C1  Viscous damping c o e f f i c i e n t  i n  jounce 
C2 Viscous damping c o e f f i c i e n t  i n  rebound 
CF Coulomb f r i c t i o n  
K1 V e r t i c a l  suspension sp r i ng  r a t e  
WS1 Weight o f  t h e  unsprung mass 
F igu re  B-8 shows a f ree-body diagram o f  t h e  unsprung mass 
as app l ies  t o  t h e  s t a t i c  c a l c u l a t i o n s .  As t he  diagram shows, i n  
t he  s t a t i c  c o n d i t i o n  t h e r e  can be no moments about t h e  suspension 
re fe rence  p o i n t  (ax1 e cen te r )  and t he re fo re  by  d e f i n i t i o n  
STORQ 0.0 (8 -  16) 
SSFV (equal to static 
t force' 
F igure  B-8. S t a t i c  f ree-body diagram: S ing le -ax l e  suspension. 
From Equat ions (8-1 ) and (8-16) 
0 = SRATIO SSFV + SCONST (8-1 7 )  
The s o l u t i o n  t o  Equat ion (8-1 7) f o r  a l l  values o f  SSFV i s  
SRATIO = SCONST = 0 (8-1 8) 
A1 so, b y  summing v e r t i c a l  f o r ces  i n  t h e  free-body o f  F igure  8-8, 
t h e  s t a t i c  normal l o a d  on t h e  t i r e  i s  
NS1 = WS1 - SSFV (B-19) 
where SSFV i s  ca l cu l a ted  i n  t h e  sprung mass p o r t i o n  o f  t h e  
program us ing  SRATIO and SCONST. 
The dynamic f ree-body diagram f o r  t h i s  suspension appears 
i n  F i gu re  B-9. From t h e  free-body, and t h e  d e f i n i t i o n s  o f  t h e  
general  i z e d  dynamic suspension fo rces  and moments: 
TSFV 





F i gu re  B-9. Dyanmic f ree-body diagram: Single-ax1 e suspension. 
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TSFV = K1 Z S  + C ZS + CF * 
TSFH = FX1 - MS1 X 
TSTORQ = - TT1 
and t h e  unsprung mass equa t ion  of mot ion i s  
MS1 ?S + TSFV + DN1 = 0 ( B -  23) 
B.3 The Walking Beam Suspension 
A diagram o f  the  wa l k i ng  beam suspension i s  shown i n  F i gu re  
B-10. Nomenclature used i n  a s s o c i a t i o n  w i t h  t h i s  suspension t ype  
appears i n  Table 8-2 .  I t  should be noted t h a t  t h e  to rque  rods 
a re  assumed t o  remain h o r i z o n t a l  and t he  cen te r  o f  mass o f  t he  
tandem i s  assumed t o  be  on t h e  1  i n e  o f  t h e  wheel cen te rs .  
Tab1 e  0-2 .  Wal k i n g  Beam Model Nomenclature. 
AA1 Ho r i zon ta l  d i s t ance  f rom wa l k i ng  beam p i n  t o  
1  eading a x l e  ( i n )  
AA2 Ho r i zon ta l  d i s t ance  f rom wal k i n g  beam p i n  t o  
t r a i l i n g  a x l e  ( i n )  
AA4 V e r t i c a l  d i s t ance  f rom a x l e  t o  W.B. ( i n )  
AA5 V e r t i c a l  d i s t ance  f rom a x l e  t o  to rque  rod  ( i n )  
C 1  Viscous damping: jounce on r e a r  ax1 e ( s )  ( 1  b - sec / i  n) 
C 2  Viscous damping: rebound on r e a r  a x l e ( s )  ( I b - s e c / i n )  
C F Maximum coulomb f r i c t i o n ,  r e a r  suspension ( l b )  
K Spr ing  r a t e ,  r e a r  suspension ( l b / i n )  
PERCNT Percent e f f ec t i veness  o f  to rque  rods 
WS1 Weight o f  f r o n t  tandem ( l b s )  
WS2 Weight o f  r e a r  tandem ( l b s )  
*The narzmeters K 1  a n d  C ma\# he f u r c t i o n s  o f  ZSPR and Z ~ P P . ,  
r e s p e c t i v e l y ,  as discussed i n  Sec t ion  A . l ,  and CF i s  taken f rom 
t h e  f u n c t i o n a l  r e l a t i o n s h i p  analogous t o  t h a t  shown i n  F igure  B.3. 
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Addressing f i r s t  t h e  s t a t i c  c o n s i d e r a t i o n s  f o r  t h i s  
suspension, r e f e r  t o  t h e  free-body diagram o f  F i g u r e  B-11 . Since 
t h e  suspension re fe rence  p o i n t  i s  d i r e c t l y  above t h e  wal k i n g  beam 
p i n ,  zero  moment (abou t  t h e  r e f e r e n c e  p o i n t )  w i l l  be passed t o  
t h e  sprung mass i n  t h e  s t a t i c  c o n d i t i o n ,  i . e . ,  
F i g u r e  B-11 . S t a t i c  f ree-body diaqram: t h e  w a l k i n g  beam 
suspension. 
STORQ = 0 
Therefore ,  as f o r  t h e  s ing1 e-ax1 e  suspension 
SRATIO = SCONST = 0 
To o b t a i n  t h e  s t a t i c  t i r e  normal l oads ,  sum fo rces  i n  t h e  v e r t i -  
c a l  d i r e c t i o n  and moments about t h e  w a l k i n g  beam p i n  t o  o b t a i n ,  
r e s p e c t i v e l y  , 
NS1 + NS2 - WS1 - WS2 + SSFV = 0 
and 
( N S ~  -\is1 )AA1 - (NS2-WS2)AA2 = 0 
S o l v i n g  f o r  (B-26) and (B-27) f o r  PIS1 and NS2 y i e l d s  
AA2 NS1 = WS1 - A ~ l + ~ ~ 2  SSFV 
NS2 = WS1 + WS2 - SSFV - NS1 (B-29) 
where SSFV i s  known f rom c a l c u l a t i o n s  performed i n  t h e  sprung 
mass p o r t i o n  o f  t he  program us ing  SRATIO and SCONST. 
A dynamic f ree-body diagram o f  the  suspension appears i n  
F i g u r e  B-12. Note t h a t  t he  suspension appl i e s  fo rces  t o  the  
sprung mass o n l y  through t he  wa lk ing  beam p i n  and t he  torque 
rods.  Therefore,  t he  general i zed suspension forces and moment 
a re  de f ined  by  these f o r ces .  S ince t he  to rque  rods a re  
h o r i z o n t a l ,  v e r t i c a l  fo rces  a re  passed t o  t h e  sprung mass on l y  
a t  t h e  to rque  r o d  p i n .  Therefore,  TSFV i s  t h e  sum o f  s p r i n g  
and f r i c t i o n a l  fo rces .  That i s  
where t he  parameters C and K may be funct ions o f  ?S and I S ,  
r e s p e c t i v e l y ,  as discussed i n  Sec t ion  A.1, and t he  dependence o f  
CF on ?S i s  taken from a f u n c t i o n a l  r e l a t i o n s h i p  analogous t o  
t h a t  shown i n  F i gu re  8-3. 
Sumning t he  h o r i z o n t a l  fo rces  a c t i n g  on t h e  sprung mass 
TSFH = TR1 + TR2 - L (8 -31  ) 
b u t  app l y i ng  Newton's second law i n  t h e  h o r i z o n t a l  d i r e c t i o n  
y i e l d s :  
FXl 
Figure B -  1 2 .  Dynamic free-body diagram: the wal k i n g  beam 
suspension. 
From (B-31) and (B-32) 
TSFH = FX1 - MS1 x + FX2 - MS2 x ( B -  33) 
The wa l k i ng  beam suspension model has two degrees o f  freedom 
which we w i l l  i n t e r p r e t  i n  t h i s  ana l ys i s  as t h e  v e r t i c a l  and 
p i t c h  mot ion o f  t h e  cen te r  o f  mass o f  t h e  tandem assembly ( I S  
and eT as shown i n  F i gu re  B-12).  The f o l l o w i n g  ana l ys i s  w i l l  
d e r i v e  t h e  two equat ions o f  mot ion f o r  these degrees o f  freedom. 
App ly ing  Newton's second law i n  t he  ZS d i r e c t i o n  o f  F i gu re  
8-12: 
-(DNl + DN2 + TSFV) = 23 (MS1 + MS2) (B-34) 
The moment o f  momentum o f  MS1 and MS2 about t he  cen te r  o f  
mass o f  t h e  tandem i s  
MS1 (AA6)2 + MS2(AA7)2 (B- 35) 
where 
MS2 ( A A l  tAA2) MS1 +MS2 
Summing moments about t h e  mass cen te r  and employing Equat ion 
(B-30) 
R e f e r r i n g  now t o  F i gu re  B-13, which shows t he  f ree-bodies 
o f  t h e  i n d i v i d u a l  p a r t s  o f  t h e  suspension, we see t h a t ,  by  
summing moments about t he  centers  o f  t he  a x l e  housings, 
and by summing h o r i z o n t a l  fo rces  on t h e  wa l k i ng  beam 
F r o r  (B-39) through (B-41), then, 
S u b s t i t u t i n g  (B-42) i n t o  (B-38) 
To o b t a i n  ;T f rom Equat ion (8-43) ,  t h e  terms V1 a1 and 
V2 a2 must be found (a1 1  o t h e r  terms be ing  known). These 
unknown terms a re  a  f u n c t i o n  o f  many compliances i n  t h e  suspen- 
s i on .  S ince  V may be  very  l a r g e  and a q u i t e  sma l l ,  these terms 
a re  very d i f f i c u l t  t o  model a n a l y t i c a l l y .  Rather,  i t  i s  assumed 
t h a t  
*Small values o f  a1 and a2 have been assumed. 

i .e., t h e  moment of  V about t h e  ax1 e  wi  11 be  p r o p o r t i o n a l  t o  
t h e  moment o f  t h e  t o r q u e  r o d  fo rce  about  t h e  a x l e .  Wi th  these 
assumpt ions,  Equa t ion  (B-43) can b e  r e w r i t t e n  as 
DN1 (AA6) - D N ~ ( A A ~ )  + TSFV(AA3) - ( TRl tTR2)  P AA5 
= (MS1 (AA6) + M S ~ ( A A ~ )  2 ) 8 ~  (B-46) 
Equat ions (B-34) and (B-46) a r e  then  t h e  equat ions o f  
rnot ioo f o r  t h e  suspension, b u t  we s t i l l  need t o  determine t h e  
TR f o r c e s .  By summing h o r i z o n t a l  f o r c e s  on t h e  two a x l e  
hous ings,  we o b t a i n :  
By cor rb in ing Equat ions (B-39),  (B-44),  and (B-47) and 
combining (B-40) ,  (B-45) ,  and (B-48) we o b t a i n ,  r e s p e c t i v e l y ,  
(B- 50) 
L a s t l y  , i t remai ns t o  de te rm ine  TSTORQ, t h e  genera l  i zed 
moment which t h e  suspension a p p l i e s  t o  t h e  sprung mass ( a b o u t  
t h e  r e f e r e n c e  p o i n t ) .  By d e f i n i t i o n  
TSTORQ z - (TRl+TR2)AA5 - L(AA4) (8-51) 
S u b s t i t u t i n g  (B-42) i n t o  (8-51) 
TSTORQ = -TT1 - T i 2  + (V1 * a1 + V2 a2)AA4 
S u b s t i t u t i n g  (B-44) and (B-45) i n t o  ( 8 -  52) 
TSTORQ = -TT1 - TT2 +  (TRltTR2) P AA5 
T h i s  compl e tes  t h e  w a l k i n g  beam suspension model. By way 
o f  rev iew ,  t h e  s t a t i c  model c o n s i s t s  o f  t h e  va lues o f  SCONST, 
SRATIO, and STORQ and t h e  exp ress ions  f o r  t h e  s t a t i c  normal 
t i r e  l oads  as f u n c t i o n s  o f  SSFV. The dynamic model c o n s i s t s  o f  
t h e  two equa t ions  o f  m o t i o n  p l u s  express ions f o r  TSFV, TSFH, 
and TSTORQ. 
B.4 The B a s i c  Four S p r i n g  Suspension 
I n  t h i s  s e c t i o n ,  t h e  model o f  t h e  b a s i c  f o u r  s p r i n g  
suspens ion w i l l  b e  developed.  The s e c t i o n  beg ins  w i t h  a  s i m p l i -  
f i e d  d i s c u s s i o n  o f  t h e  p h y s i c a l  b e h a v i o r  o f  t h e  suspension 
d u r i n g  b r a k i n g .  Th is  d i s c u s s i o n  i s  i n t e n d e d  t o  p r o v i d e  an 
i n t u i t i v e  b a s i s  f o r  c e r t a i n  fundamental  assumptions of 
t h e  mathemat ical  model . 
F i g u r e  B-14 i l l u s t r a t e s  a  f o u r  s p r i n g  suspension i n  i t s  
s t a t i c  loaded c o n d i t i o n .  When b r a k e  t o r q u e  i s  a p p l i e d  t o  t h e  
a x l e s  o f  t h i s  suspension,  two mechanisms b y  which b r a k e  t o r q u e  
i s  r e s i s t e d  come i n t o  p l a y .  I n  F i g u r e  B-15 i t  i s  shown t h a t  
a  p o r t i o n  o f  t h e  b rake  t o r q u e  i s  r e s i s t e d  b y  moments a r i s i n g  
f rom h o r i z o n t a l  f o r c e s .  The h o r i z o n t a l  f o r c e s  a t  p o i n t s  H and 
J i n  t h e  f i g u r e  a r e  components o f  t h e  t o r q u e  r o d  r e a c t i o n s .  
The h o r i z o n t a l  f o r c e s  a t  p o i n t s  D, E, F, and G r e s u l t  p r i m a r i l y  
f r o m  s p r i n g l f r a m e  c o n t a c t  f r i c t i o n .  F i g u r e  B-16 i l l u s t r a t e s  
t h a t  t h e  rema in ing  p o r t i o n  o f  t h e  b r a k e  t o r q u e  i s  r e s i s t e d  b y  
v e r t i c a l  f o r c e  coup les ,  p r i m a r i l y  composed o f  t h e  dynamic com- 
ponents o f  v e r t i c a l  s p r i n g l f r a m e  c o n t a c t  f o r c e s  a t  p o i n t s  D, 





The development of the vertical force coup1 es i s  primarily 
responsi bl e for the occurrence of  i  nteraxl e 1 oad transfer. 
These forces act  in opposite directions a t  either end of the 
same spring. Because the leaf spring i s  a compl iant menber in 
the vertical direction, these forces can only develop as a 
result  of spring wrap-up as i l lustrated in Figure 8-17.* I n  
turn, Figure 8-18 i1.l ustrates that spring wrap-up cannot occur 
until some small sliding action between the spring and frame has 
taken place a t  the i r  contact points. (During this action, the 
springs sl ide forward with respect to the vehicle.) I n  order 
for this sliding to occur, friction must f i r s t  be overcome. 
Therefore, we hypothesize that ,  as increasing brake torque i s  
applied to the axles, the horizontal forces will develop until 
they are of sufficient magnitude t o  saturate springlframe contact 
f r ic t ion.  Only a f te r  this has taken place may spring sliding and 
spring wrap-up occur, resul t i  ng in the development of the vertical 
force couples. 
A mathematical model based on the following assumptions 
will now be developed. 
1 . Longitudinal acceleration of the unsprung masses 
relative to  the sprung masses are neglected. 
2.  The s l ight  sh i f t s  of spring, axle, and torque rod 
positions due t o  the rotation of the load leveler, 
horizontal movement o f  the spri ng/frame contact 
points, a n d  spring flexture are neglected in 
calculating suspension forces. 
3 .  The connection between the load 1 eve1 er and the 
frame is  considered t o  be a frictionless pin. 
*Figures 8-17 and B-18 indicate that as spring wrap-up occurs, 
the axle housings rotate around points H and J .  This i s  
because the nearly horizontal a t t i tude of  the torque rods 
results in the horizontal positions o f  H and J being virtually 
fixed while vertical motions of H and J are not germane t o  







4. The c o e f f i c i e n t  o f  f r i c t i o n  i s  assumed t o  be 
i d e n t i c a l  and cons tan t  a t  a l l  sp r i ng l f r ame  
con tac t  p o i n t s .  
5. Spr ing l f rame con tac t  .areas a r e  assumed t o  be  
o r i e n t e d  such t h a t  f r i c t i o n a l  fo rces  a re  hor i zon-  
t a l  and normal forces a r e  v e r t i c a l .  
6. The summation o f  moments about an a x l e  cen te r  due 
t o  t h e  v e r t i c a l  f o r ces  a t  t h e  sp r i ng l f r ame  con tac t  
p o i n t s  ( o f  t h e  s p r i n g  assoc ia ted  w i t h  t h e  a x l e )  
can change o n l y  a t  p o i n t s  i n  t ime  d u r i n g  which t h e  
f r i c t i o n a l  fo rces  a t  those same sp r i ng l f r ame  
con tac t  p o i n t s  a r e  sa tu ra ted .  
7. Only v e r t i c a l  fo rces  a r e  s i g n i f i c a n t  i n  t h e  l oad  
l e v e l e r  equat ions.  ( J u s t i f i c a t i o n  f o r  t h i s  assump- 
t i o n  i s  g iven  a t  t h e  end o f  t h i s  sec t i on . )  
8. Coulon i~ f r i c t i o n  conta ined i n  t h e  v e r t i c a l  de f l ec -  
t i o n  p r o p e r t i e s  o f  t he  l e a f  sp r ings  a r e  app l i ed  
between frame and a x l e  housing.* 
Note t h a t  i t  i s  assumption 6 t h a t  f o l l o w s  from t h e  preceding 
d iscuss ion .  
Addressing f i r s t  t h e  s t a t i c  cons ide ra t i on  regard ing  t h i s  
suspension, re fe rence  t h e  schematic and s t a t i c  f ree-body diagrams 
o f  F igures B-19 and B-20, r e s p e c t i v e l y .  
From F igu re  B-20, summing moments on t h e  two a x l e  
assembl i e s  and t h e  l o a d  l e v e l e r  i n d i v i d u a l  l y  y i e l d s  
*The method f o r  c a l c u l a t i n g  these coulomb f r i c t i o n  f o r ces  was 
repo r t ed  e a r l i e r  i n  t h i s  appendix. 


TNZS(AA4) = TN3S(AA5) (B- 56)  
By the  d e f i n i t i o n s  o f  SSFV and STORQ 
STORQ = TN1 S (AA1 +AA4) - T N ~ S ( A A ~  + A5) (B-58) 
S u b s t i t u t i n g  (8-54) ,  (B-55),  and (B-56) i n t o  (B-57) and 
(E-  58) y i  e l  ds 
( A A ~  +AA~) ]TNPS AA1-AA2A ( AAl tAA4) - A A z B  SToRQ = [ A A ~ A  AA 5 
Now by t h e  d e f i n i t i o n  o f  SRATIO and SCONST 
STORQ = SSFV SRATIO + SCONST 
S u b s t i t u t i n g  (8-58)  and (B-59) i n t o  (B-60) 
- [AAAi;i2A t 1  t -  AA4 1 + AAAiti2B ] TN2S SRATIO t. SCONST 
AA5 
The genera1 s o l u t i o n  f o r  (B-62) f o r  a l l  va lues o f  TN2S i s  
SCONST = 0 (B-63) 




= - AAI-AAEA AA4 
+ I  + - ( I  + AA1 -AA2B) AA2A AA5 AA2B (B-64) 
Simp1 i f y i n g  (8-64) y i e l d s  
AA4 AA2A (-An1 - AA2A + AA4) + (AA1 -AA2B+AA5) 
SRATIO = AA4 AA2A \B-65) 1  t- -
AA5 AA2B 
To complete t h e  s t a t i c  c a l c u l a t i o n s  we must determine 
t h e  s t a t i c  normal t i r e  loads as a  f u n c t i o n  o f  SSFV. 
S u m i n g  v e r t i c a l  f o r c e s  and moments on t h e  e n t i r e  
suspension y i e l d s  
SSFV + NS1 + NS2 - WS1 - WS2 = 0 (B-66) 
()IS1 -WSl ) (AA1 -AA2A+AA4) - (NS2-WS2) (AA1 -AA2B+AA5) - STORQ = 0 
(8-67) 
S o l v i n g  these  two equat ions  s imu l taneous ly  f o r  NS1 and NS2 
y i e l d s :  
STORQ - SSFV(AA1 -AA2B+AA5 NS1 = a (AA1-AA2AtAA4) + (AAl-AA2B+iA5) 
NS2 = WS1 t WS2 - NS1 - SSFV (B-69) 
T u r n i n g  now t o  t h e  dynamic suspension model , c o n s i d e r  t h e  
f ree-body diagram o f  F i g u r e  B-21. Note t h a t  a1 1  t h e  f o r c e s  
shown i n  these  diagrams a r e  dynamic components o n l y .  I n  t h e  
case o f  t h e  v e r t i c a l  s p r i n g  f o r c e s ,  these dynamic components 
a r e  expressed as t h e  t o t a l  f o r c e  minus t h e  s t a t i c  component, 
i .e., 
(TNi - TNiS) 
where i = 1,2,3,4. T h i s  method i s  used t o  f a c i l i t a t e  c a l c u l a -  
t i o n s  i n v o l  v i n g  t h e  r e l a t i o n s h i p s  o f  1  eaf / f rame f r i c t i o n a l  
f o r c e s  and normal f o r c e s ,  i .e. ,  r e l a t i o n s h i p s  o f  t h e  fo rm 
FNl  
4 
E . i  g u r e  R - 2 1 .  Dynamic f r e e - b o d y  d i a g r a m s  : t h e  b a s i c  f o u r  s1,ring s u s p e n s i o n .  
FNi - < MUS TNi 
where MUS i s  t h e  c o e f f i c i e n t  o f  f r i c t i o n  and i = 1,2,3,4. 
A p p l y i n g  Newton's second law i n  t h e  " X "  d i r e c t i o n  t o  
each o f  t h e  a x l e s  i n  F i g u r e  B-21 y i e l d s  
TRl (cosAA7(1))  + FX l  - M S ~  ( x )  + (FNl tFN2) = 0 (B-70) 
where x i s  l o n g i t u d i n a l  a c c e l e r a t i o n ,  MS1 i s  t h e  unsprung 
mass o f  t h e  l e a d i n g  a x l e ,  and MS2 i s  t h e  unsprung rnass o f  t h e  
t r a i l i n g  a x l e .  
Summing moments about  t h e  a x l e  c e n t e r s  y i e l d s  
where a l l  t h e  TNiS terms have been removed by  s u b s t i t u t i o n  o f  
Equat ions  (B-54) and (B-55) ,  and where ARM1 and ARM2 a r e  t h e  
d i s t a n c e s  f r o m  t h e  t o r q u e  r o d  t o  t h e  a x l e  c e n t e r ,  i n  a  d i r e c t i o n  
p e r p e n d i c u l a r  t o  t h e  to rque  rod,  f o r  t h e  l e a d i n g  and t r a i l i n g  
a x l e ,  r e s p e c t i v e l y .  
Now, w i t h  KK des igna ted  as t h e  sum o f  t h e  s p r i n g  r a t e s  o f  
a l l  f o u r  l e a f  s p r i n g s ,  t h e  f o l l o w i n g  exp ress ion  i s  assumed: 
TN1 + TN2 + TN3 + TN4 = - K K ( 6 )  + TNlStTN2StTN3StTN4S = SUMTN 
(B-  74)  
where s i s  t h e  average v e r t i c a l  d isp lacement  o f  t h e  a x l e  c e n t e r s  
r e l a t i v e  t o  t h e  sprung mass.* 
Summing moments on t h e  l o a d  l e v e l e r  and envok ing assumpt ion 
( 7 )  y i e l d s  
where t h e  TNiS terms have been removed by  t h e  s u b s t i t u t i o n  o f  
E q u a t i o n  (B-56).  
A t  t h i s  p o i n t ,  Equat ions  (B-70) th rough (B-75) r e p r e s e n t  
s i x  equa t ions  i n  e i g h t  unknowns, these unknowns b e i n g  TN1, TN2, 
TN3, TN4, TR1 TR2, and t h e  q u a n t i t i e s  (FPIltFN2) and (FN3tFN4). 4 
(Note  t h a t  TN( 1)  , FX1 , FX2, TT1 , TT2, and x a r e  known 
q u a n t i t i e s  p r o v i d e d  b y  p rev ious  c a l c u l a t i o n s  made i n  t h e  program.) 
Assumption ( 6 )  can now b e  used w i t h  r e s p e c t  t o  each o f  t h e  
two a x l e  assembl ies t o  o b t a i n  t h e  two a d d i t i o n a l  equat ions  r e q u i r e d .  
Fo r  example, f o r  t h e  l e a d i n g  a x l e  i t  i s  i n i t i a l l y  assumed t h a t  t h e  
f o r c e s  FN1 and FN2 w i l l  n o t  s a t u r a t e  t h e  f r i c t i o n  c a p a b i l i t y  o f  t h e  
s p r i n g l f r a m e  c o n t a c t  p o i n t s .  I t  then  f o l l o w s  f rom assumpt ion ( 6 )  
t h a t  
TNI ( AA2A) - TNZ(AA1 -AA2A) = TNl o(AA2A) - TN20(AA1 -AA2A) 
(B-76) 
where t h e  s u b s c r i p t  ( 0 )  i n d i c a t e s  "from t h e  p reced ing  t i m e  s t e p . "  
And 1  i k e w i s e ,  f o r  t h e  t r a i l i n g  a x l e ,  
Equat ions  (B-70) th rough (8-77) may now be so l ved  f o r  t h e  
e i g h t  unknowns 1  i s t e d  above. I f ,  upon comp le t i ng  these  c a l c u l a t i o n s ,  
*The use o f  t h i s  f o r m  o f  e q u a t i o n  has been d iscussed i n  t h e  Phase I 
r e p o r t  [ I ] .  
i t  i s  determined t h a t  
and 
I ( F N ~ + F N ~ )  1 -< MUS(ITN31 + ITN41) (B-7Sb) 
where MUS i s  t h e  c o e f f i c i e n t  o f  f r i c t i o n  o f  sp r i ng l f r ame  con tac t ,  
then f r i c t i o n  i s ,  indeed, n o t  sa tu ra ted  and t he  s o l u t i o n  i s  
acceptab le  as ca l cu l a ted .  I f  e i t h e r  c r i t e r i a  i n d i c a t e d  by Equat ion 
(8-78) f a i l ,  then r e c a l c u l a t i o n  o f  the  s o l u t i o n  i s  ca l ' led f o r .  I n  
t h i s  case, i f ,  f o r  example, Equat ion (B-78a) i s  no t  met, then 
f r i c t i o n  i s  sa tu ra ted  a t  the  l ead ing  ax l e .  t q u a t i o n  (6-76) must 
then be rep laced  by 
where t he  app rop r i a t e  s i g n  i s  i n d i c a t e d  b y  t h e  s i g n  o f  (FNltFNZ) 
as found by t h e  p re l im ina ry  c a l c u l a t i o n s  j u s t  descr ibed ( i . e . ,  
us ing Equations (B-70) through (B-77))  . 
S i m i l a r l y ,  i f  Equat ion (B-78b) i s  no t  s a t i s f i e d ,  Equat ion 
(B-77) i s  rep1 aced by 
Thus, Equations (B-70) through (8-75) p lus  t h e  app rop r i a t e  
two equat ions f rom (B-76), (B-77), (B-79), and (B-80),  as de te r -  
mined b y  t he  c r i t e r i a  o f  Equat ion (B-78),  w i l l  always p rov ide  
e i g h t  equat ions which may be so lved f o r  t he  e i g h t  unknowns. 
With a l l  t h e  suspension fo rces  ca lcu la ted ,  t h e  appropr ia te  
acce le ra t i ons  o f  the  sprung and unsprung masses may now be ca l cu l a ted .  
Summing fo rces  i n  t h e  v e r t i c a l  d i r e c t i o n  on each o f  t he  
unsprung masses y i e l d s  t h e  equat ions o f  v e r t i c a l  wheel motions, 
v i z . :  
-FF1 - TRl s in(AA7(1))  + (TN1-TNIS) + (TN2-TN2S) - D N 1  = ~ s i ( Z S 1 )  
(B-81) 
where t h e  "FF" terms a r e  t h e  sum o f  t h e  coulomb and viscous 
f r i c t i o n  fo rces ,  c a l c u l a t e d  as descr ibed  i n  Sec t ion  B . l ,  and t h e  
"DN" forces a re  t h e  dynamic normal t i r e  loads.  
To complete t he  model we must determine t he  genera l i zed  
suspension fo rces  and moments. 
By d e f i  n i  ti on 
and 
TSFH = -[FNl+FN2+FN3+FN4] - TR1 c o ~ ( A A 7 ( 1 )  ) 
- TR2 cos(AA7(2)) ( B -84) 
B u t  f r om  Equations (B-70) and (B-71),  we see t h a t  t h e  r igh t -hand  
s i d e  o f  Equat ion (B-84) i s  equal t o :  
There fo re  
We can now determine TSTORQ. By d e f i n i t i o n  
TSTORQ = (TN1-TN2S) (AA1 +AA4) + (TN2-TN2S) (AA4) - ( T N ~ - T N ~ S )  ( A A ~ )  
- (TN4-TN4S) (AA1 +AA5) + ( FNl +FN2+FN3+FN4)AA3 
- TR1 [ARM1 + s in(AA7(1)  ) (AA1-AA2A+AA4)] (B-86) 
- TR2[ARM2 - s in (AA7(2) )  (AA1 -AAZB+AA5)] 
By s u b s t i t u t i n g  Equat ions (B-72) and (B-73) and the  equat ions 
i n t o  Equat ion (B-86),  we can show t h a t  
TSTORQ = (AA1 -AA2A+AA4) [ ( T N ~  -TN1 S )  + ( T M ~ - T N ~ S )  - FF1 
- TR1 s i n (AA7 (1 ) ) ]  - (AA1-AA2BtAA5) 
[(TN3-TN3S) + (TN4-TN4S) - FF2 - TR2 s i n (AA7 (2 ) ) ]  
- TT1 - TT2 (8-89) 
As a f i n a l  p o i n t  i n  t h i s  sec t i on ,  t he  mathematical j u s t i f i -  
c a t i o n  t o  assumption ( 7 ) ,  r e f e r r e d  t o  e a r l y  i n  t h i s  sec t i on ,  w i l l  
be presented. 
Consider t h e  summation o f  moments equa t ion  f o r  t h e  l o a d  
1 eve1 e r  (see F i g .  B-22) : 
Q u a l i t a t i v e l y ,  t h e r e  a r e  t h r e e  cond i t i ons  under which t h i s  
equa t ion  w i  11 g e n e r a l l y  operate :  

1 .  Low l e v e l  b rake  to rque  a p p l i c a t i o n s  d u r i n g  which 
fo rces  FN2 and FF.43 do n o t  s a t u r a t e  t h e  f r i c t i o n  
capabi 1 i t y  o f  t h e  s p r i  ng/frame c o n t a c t s .  
2.  Severe b rake  a p p l i c a t i o n  i n  wh ich FN2 and FN3 
s a t u r a t e  f r i c t i o n .  
3. Moderate c o n d i t i o n s  under which e i t h e r ,  b u t  n o t  b o t h ,  
FN2 and FN3 may s a t u r a t e  f r i c t i o n .  
Dur ing  c o n d i t i o n  1, t h e  p reced ing  d i s c u s s i o n  would i n d i c a t e  
t h a t ,  because spr ing/ f rarne c o n t a c t  f r i c t i o n  has n o t  sa tu ra ted ,  
very  1  i t t l e  l o a d  t r a n s f e r  has occur red.  Consequently, i t  would be 
t r u e  t h a t  t h e  ang le  E i s  sma l l  and t h a t  Equa t ion  (B-90) would b e  
w e l l  approximated by  
Dur ing  c o n d i t i o n  2  f r i c t i o n  i s  s a t u r a t e d .  Des igna t ing  MUS 
as t h e  c o e f f i c i e n t  o f  f r i c t i o n  a t  t h e  c o n t a c t  p o i n t s  
FN3 = + (MUS) ITN31 (B-92b) 
where, g e n e r a l l y ,  t h e  s i g n s  o f  t h e  r i g h t - h a n d  s i d e  o f  Equat ions 
(B-92a) and (B-92b) w i l l  be t h e  same. Wi th  t h i s  l i m i t a t i o n ,  
subs t i  t u t i n g  Equat ions (B-92a) and (B-92b) i n t o  (B-90) y i e l d s  
w i t h  s o l u t i o n s  
cos E + MUS(sin E)  = 0  ( B -9 5) 
F o r  a  p o s i t i v e  s i g n  i n  Equa t ion  (B-95) ,  t h e  s o l u t i o n  f o r  E l i e s  
i n  t h e  second o r  f o u r t h  quadrants ;  t h i s  i s  n o t  i n  agreement w i t h  
observed b e h a v i o r .  I f  t h e  s i g n  were n e g a t i v e ,  a  s o l u t i o n  e x i s t s  
i n  t h e  f i r s t  quadrant  b u t ,  s i n c e  MUS < 1, t hen  E > 45 deg. f o r  a1 1  
cases, wh ich  a g a i n  does n o t  agree w i t h  observed behav io r .  A s o l u t i o n  
a l s o  wou ld  e x i s t  i n  t h e  t h i r d  quadrant .  T h i s  a l s o  i s  n o t  compa t ib le  
w i t h  observed b e h a v i o r .  Thus, t h e  p roper  s o l u t i o n  i s  rep resen ted  by  
Equa t ion  (B-94) ( w h i c h  i s  i d e n t i c a l  t o  Equa t ion  (B-91) .  
Under t h e  t h i r d  c o n d i t i o n ,  t h a t  o f  moderate b r a k i n g ,  where 
f r i c t i o n  i s  s a t u r a t e d  a t  one, b u t  n o t  bo th ,  c o n t a c t  p o i n t s ,  i t  may 
be reasonab ly  assumed t h a t  t h e  ang le  E would be r e l a t i v e l y  s m a l l .  
In a d d i t i o n ,  t h e  q u a n t i t y  FN2(AA4) - FN3(AA5) would be s m a l l .  
Consequent ly ,  
[FN2(AA4)-FN3(AA5)]sin E = FN2(AA4) s i n  E 
There fo re ,  Equd t ion  (B-91) can be assumed. Consequent ly ,  Equa t ion  
(B-91) i s  assumed f o r  a l l  cases.  
B.5 The Four S p r i n g  Suspension w i t h  Spr ing-Type Torque Rods 
The mathemat ica l  model o f  t h e  f o u r  s p r i n g  suspension w i t h  
s p r i n g - t y p e  t o r q u e  rods  i s  v i r t u a l l y  i d e n t i c a l  t o  t h a t  o f  t h e  b a s i c  
f o u r  s p r i n g  suspension w i t h  t h e  a d d i t i o n  o f  t h e  t o r q u e  r o d  " s p r i n g  
f o r c e . "  For  t h i s  reason,  t h e  model w i l l  n o t  be rev iewed i n  d e t a i l  
here ;  o n l y  changes w i t h  r e s p e c t  t o  t h e  b a s i c  f o u r  s p r i n g  model w i l l  
be noted.  To do t h i s ,  we w i l l  deve lop,  f rom t h e  f ree -body  diagram 
o f  F i g u r e  8-23, c e r t a i n  new equa t ions  f o r  t h e  s u b j e c t  suspension 
and n o t e  t h e  equa t ions  ( o f  t h e  b a s i c  f o u r  s p r i n g  suspension model) 
wh ich  t h e y  r e p l a c e .  Development o f  t h e  new model wou ld  then  proceed 
ana logous ly  t o  t h e  o l d .  The changes t o  be d e s c r i b e d  a p p l y  o n l y  t o  
t h e  dynamic suspens ion model. The s t a t i c  model i s  unchanged f rom 
F i g u r e  6 -23 .  Dynami c f r e e - b o d y  d i ag ram:  t h e  f o u r  s p r i n g  s u s p e n s i o n  w i t h  
s p r i n g - t y p e  t o r q u e  r o d s .  
t h a t  o f  t h e  b a s i c  f o u r  s p r i n g  suspension ( i . e . ,  t h e  s t a t i c  to rque  
r o d  s p r i n g  f o r c e s  a r e  assumed t o  be s m a l l ) .  
App ly ing  Newton's second law i n  t h e  "X" d i r e c t i o n  t o  each of  
t h e  a x l e s  i n  F i g u r e  B-23 y i e l d s  
( r e p l a c i n g  Equat ions (B-70) and (8-71)  where the  new "FTR" f o r c e s  
a r e  t h e  " s p r i n g  f o r c e s "  o f  t h e  t o r q u e  rods .  
Summing moments about  t h e  a x l e  c e n t e r  y i e l d s :  
TT1-TRl(ARM1) - FTRl{cos AA7(1) AA9(1) - s i n  AA7(1) 
[AA6(2) - (AA9(2) ) t a n  AA7(2)] 1 + TN3(AA1 -AA2B) 
TT2-TRZ(ARM~) - FTR2{cos AA7(2) AA9(2) - s i n  AA7(2) 
[AA6(2) - (AAg(2) )  t a n  AA7(2) ] 1 + TN3(AA1 -AA2B) 
(Equa t ions  (B-99) and (B-100) r e p l a c e  Equat ions (B-72) and (B-73).  
W i th  t h e  s u b s t i t u t i o n  o f  these f o u r  equat ions,  the a n a l y s i s  
proceeds b a s i c a l l y  as i t  d i d  f o r  t h e  b a s i c  f o u r  s p r i n g  suspension 
up t o  Equat ion (8 -81 ) .  However, we n o t e  t h a t  t h e r e  a r e  now two 
a d d i t i o n a l  unknowns. FTRl and FTR2, i n  t h e  e q u a t i o n  s e t  which i s  
so lved  t o  determine suspension f o r c e s .  Thus, i n  e f f e c t  we have 
e i g h t  e q u a t i o n s  i n  t e n  unknowns. To r e s o l v e  t h i s  di lemma, t h e  FTR 
f o r c e s  a r e  c a l c u l a t e d  a t  t h e  end o f  each i n t e g r a t i o n  t i m e  s t e p ,  t o  
be used as known v a l u e s  i n  t h e  c a l c u l a t i o n s  f o r  t h e  n e x t  t i m e  s t e p .  
( P r i o r  t o  t h e  f i r s t  t i m e  s t e p ,  t h e s e  f o r c e s  a r e  assumed t o  be z e r o . )  
As an  example o f  t h i s  c a l c u l a t i o n ,  c o n s i d e r  F i g u r e  8-24 d e p i c t i n g  
t h e  l e a d i n g  a x l e  assembly.  Note  t h a t  t h e  l e a f  s p r i n g  i s  assumed t o  
be  symmet r i c  such t h a t  o n e - h a l f  o f  t h e  t o t a l  s p r i n g  r a t e  may be  
a t t r i b u t e d  t o  each h a l f  o f  t h e  s p r i n g .  Us ing  t h e  n o t a t i o n  o f  t h e  
f i g u r e ,  and assuming t h a t  e l  i s  sma l l  ( i . e . ,  cos  e l  = I ) ,  wernay 
w r i t e  e q u a t i o n s  f o r  TN1 and FTRl as :  
TN1 = - K1/2 ZS1 + K1/2 AA2A s i n  e l  (B-101)  
FTRl = (KTRleZSl - KTRloAAg(1) s i n  e l / c o s  AA7(1) (B-102)  
S o l v i n g  f o r  FTRl y i e l d s  
KTRl KTRl AA9(1) TN 1 
FTR1 = - AA2A ii g(l))zsl - AA2A ' 
I n  c o m p l e t i n g  t h e  dynamic model,  t h e  a d d i t i o n a l  t o r q u e  r o d  
s p r i n g  f o r ces  a1 t e r  Equa t i ons  ( 8 - 8 1 ) ,  (B -82 ) ,  (B -83 ) ,  and (B-89)  
( o f  t h e  b a s i c  mode l ) ,  r e s p e c t i v e l y ,  as f o l  l ows :  
-FFl-TR1 s i n  AA7(1) + (TN1-TNlS) + (TN2-TN2S) - DN1 
- FTRl cos  AA7(1) = MS l ( tS1 )  
-FF2-TR2 s i n  AA7(2) + (TN3-TN3S) + (TN4-TN4S) - DN2 
- FTR2 cos  AA7(2) = ~ ~ 2 ( ? $ 2 )  
TSFV = [(TNl-TN1S) + (TN2-TNZS) + (TN3-TN3S) + ( T N ~ - T N ~ S ) ]  
+ FF l tFF2  t TR1 s i n  AA7(1) + TR2 s i n  AA7(2) 
+ FTRl cos AA7(1) + FTR2 . cos  AA7(2) 
Figure  B . 2 4 .  Determining t h e  t o r q u e  r o d  s p r i n g  f o r c e s .  
TSTORQ = (AA1 -AA2A+AA4) [ (  TN1 -TNlS) + (TN2-TN2S) 
- FF1-TR1 s i n  AA7(1) - FTRl cos AA7 ( I ) ]  
- FF2-TR2 s i n  AA7(2) - FTR2 cos AA7(2)]  
B.6 The Four S p r i n g  Suspension w i t h  Long Load L e v e l e r  
T h i s  s e c t i o n  p resen ts  t h e  mathemat ical  and d i g i t a l  computer 
models o f  t h e  f o u r  s p r i n g  suspension w i t h  l o n g  l o a d  l e v e l e r  (FSS-LLL) 
as they  a p p l y  t o  t h e  Phase I11 b r a k i n g  performance programs. The 
suspension was i l l u s t r a t e d  i n  F i g u r e  2-15. 
The mathemat ica l  model i s  s i m i l a r  t o  t h e  f o u r  s p r i n g  suspen- 
s i o n  model o f  Phase I [I]. As such, i t  i s  c o n s i d e r a b l y  s i m p l i f i e d  
as compared t o  t h e  o t h e r  f o u r  s p r i n g  suspension model desc r ibed  i n  
S e c t i o n  B.4. 
I n  p a r t i c u l a r ,  s p r i n g l f r a m e  c o n t a c t  f r i c t i o n a l  f o r c e s  o f  t h e  
FSS-LLL a r e  ignored.  Model ing  o f  these f o r c e s  g r e a t l y  comp l i ca tes  
t h e  suspension model, and consequent ly  i nc reases  t h e  expense o f  i t s  
use. I n  t h e  case o f  t h e  FSS-LLL, t h e  geometry o f  t h e  suspension 
g r e a t l y  reduces i n t e r a x l e  l o a d  t r a n s f e r  and c o r r e s p o n d i n g l y  reduces 
t h e  s i g n i f i c a n c e  o f  s p r i  ng/frame f r i c t i o n .  For these reasons, t h e  
model p resented does n o t  i n c l u d e  sp r ing / f rame f r i c t i o n a l  f o r c e s .  
The mathemat ical  model i s  based on t h e  f o l l o w i n g  assumptions: 
1)  V e r t i c a l  mot ions o f  t h e  a x l e  assembl ies (ZS1 and ZS2, 
F i g u r e  B-24) a r e  t h e  o n l y  independent mot ions  o f  t h e  
suspension ( l o n g i t u d i n a l  m o t i o n  i s  coup led t o  t h e  
sprung mass) i n  wh ich  i n e r t i a  i s  s i g n i f i c a n t .  
2 )  The s l i g h t  s h i f t s  o f  s p r i n g ,  a x l e ,  and to rque  r o d  
p o s i t i o n s  due t o  suspension mot ions  a r e  neg lec ted  
i n  c a l c u l a t i n g  suspension f o r c e s .  
3) The connec t ion  between l o a d  l e v e l e r  and frame i s  a 
f r i c t i o n l e s s  p i n .  
4) Mo t ions  ZS1 and ZS2 ( F i g .  B-24) a r e  assumed t o  remain  
v e r t i c a l  f o r  a l l  suspens ion /veh ic le  mo t ions .  
5) On ly  v e r t i c a l  f o r c e s  e x i s t  a t  t h e  s p r i n g l f r a m e  
c o n t a c t  p o i n t s .  
The equa t ions  wh ich  f o l l o w  use t h e  n o t a t i o n  p resen ted  i n  
F igu res  2-15 and B-25. The f ree-body diagrams o f  F i g u r e  B-25 
i l l u s t r a t e  o n l y  t h e  dynamic components o f  a l l  f o r c e s .  
A p p l y i n g  Newton's second law i n  t h e  " X "  d i r e c t i o n  t o  each o f  
t h e  a x l e s  y i e l d s :  
TRHl = MS1 x - FX1 (B-108) 
TRH2 = MS2 x - FX2 (B-  109) 
where FX1 and FX2 a r e  t h e  b rake  f o r c e s  a t  t h e  l e a d i n g  and t r a i l i n g  
a x l e s ,  r e s p e c t i v e l y .  
I n  t h e  " Z "  d i r e c t i o n ,  Newton's second law y i e l d s  
(TN1-TNlS) + (TN2-TN2S) + FF1 - TRVl - DN1 = MS1 t $ 1  (8-110) 
Forces FF1 and FF2 a r e  t h e  " f r i c t i o n  f o r c e s "  i n c l u d i n g  b o t h  
coulomb f r i c t i o n  and v i scous  damping f o r c e s  f o r  t h e  l e a d i n g  and 
t r a i l i n g  a x l e s ,  r e s p e c t i v e l y .  T h e i r  method o f  c a l c u l a t i o n  was 
d i scussed  i n  S e c t i o n  2.1. Forces DN1 and DN2 a r e  t h e  dynamic 
components o f  t h e  t i  r e - r o a d  normal f o r c e s .  
Sumning moments about  each a x l e  c e n t e r  and about  t h e  l o a d  
l e v e l e r  p i n  (and employ ing s t a t i c  e q u i l i b r i u m  equa t ions  t o  remove 
t h e  TNiS terms) y i e l d s  , r e s p e c t i v e l y :  
TT1 + TN1 AA2A - TN2(AA1 -AA2A) + TRHl AA6( 1  ) 
- TRVl AA8(1) = 0 

and 
And by  summing moments on each o f  t h e  t o r q u e  rods :  
TRVl = TRHl TAN[AA7(1)] 
TRV2 = TRH2 TAN[AA7(2) 1 
NOW, w i t h  KK d e f i n e d  as t h e  sum o f  t h e  s p r i n g  r a t e s  o f  a l l  
f o u r  l e a f  s p r i n g s ,  t h e  f o l  l o w i  nq e x p r e s s i o n  i s  assumed: 
TN1 + TN2 + TN3 t TN4 = KK 6 I SUMTN (B-117) 
where 6 i s  t h e  average v e r t i c a l  d i sp lacemen t  o f  t h e  a x l e  c e n t e r s .  
T h i s  assumpt ion i s  s i m i l a r  t o  assumptions used i n  e a r l i e r  models. 
Use o f  t h i s  assumpt ion r e q u i r e s  t h a t  t h e  d i f f e r e n c e  between s p r i n g  
r a t e s  o f  l e a d i n g  and t r a i l i n g  a x l e s  be s m a l l .  
I n  t h e  c o n t e x t  o f  t h e  Phase I 1 1  programs employ ing modu la r i zed  
suspens ion subprograms, t h e  va lues o f  X, FX1 , FX2, TTI , TT2, DN1, 
DN2, FF1, FF2, and s ( i  . e m ,  SUMTN) a r e  i n p u t s  t o  t h e  suspension 
model, h a v i n g  been c a l c u l a t e d  elsewhere i n  t h e  s i m u l a t i o n s .  Thus 
Equat ions  (B-108) th rough (B-117) can be s o l v e d  f o r  each o f  t h e  t e n  
unknowns (TN1, TN2, TN3, TN4, TRV1, TRV2, TRH1, TRH2, ?$I, t S 2 ) .  
These s o l u t i o n s  a r e  
TRHl = MS1 x - FX1 
TRVl = TRHl • TAN[AA7(1)] (B-120) 
TRV2 = TRH2 TAN [AA7( 2 )  1 (B-121) 
TT2 + TRH1 ( AA6(1) - TAN [AA7(1) ] AA8(1) AA2A ) 
tS1 = (TN1-TNlS) + (TN2-TN2S) + FF1 - TRVl - DN1 MS 1 (B-126) 
The dynamic o u t p u t s  r e q u i r e d  o f  t h e  suspens ion model f o r  use 
b y  t h e  Phase I11 s i m u l a t i o n  programs a r e  231, %2, TSFV, TSFH, 
TSTORQ. The a c c e l e r a t i o n s  251 and 252 have a l r e a d y  been s o l v e d  
f o r ,  and b y  d e f i n i t i o n  
TSFV = TRVl + FF1 - (TN1 -TNls)  - (TN2-TN2S) + TRV2 
+ FF2 - (TN3-TN3S) - (TN4-TN4S) (B- 128) 
TSFH = TRHl + TRH2 (B-129) 
TSTORQ = TN1 (AAl tAA4) - TN4 AA5 - FF1 * (AA1-AA2AtAA4) 
+ FF2 (AA5-M2B) + TRHl AA6(1) + TRH2 AA6(2) 
- TRVl * [AAl - AA2A + AA4 + AA8(1)]  + TRV2 
[AA5 - AA2B - AA8(2)]  (B-130) 
Consequent ly ,  Equat ions  (B-126) th rough (B-130) r e p r e s e n t  
t h e  o u t p u t  o f  t h e  dynamic model . 
The s t a t i c  l o a d  c a l c u l a t i o n s  a r e  s i m i l a r  t o  t h e  dynamic 
model. The v a r i a b l e s  SSFV and STORQ a r e  t h e  s t a t i c  e q u i v a l e n t s  
o f  TSFV and TSTORQ, r e s p e c t i v e l y .  The two cons tan ts  SRATIO and 
SCONST a r e  d e f i n e d  such t h a t  
STORQ = SRATIO SSFV + SCONST (8-1  31 ) 
I n  t h e  Phase 111 programs, the  suspension model i s  r e q u i r e d  
t o  de te rm ine  SRATIO and SCONST. Wi th  these  va lues,  t h e  main p r o -  
gram determines SSFV and t h e  suspension model i n  t u r n  c a l c u l a t e s  
STORQ and NS1 and NS2 ( t h e  s t a t i c  normal t i r e  l oads  f o r  t h e  l e a d i n g  
and t r a i l i n g  a x l e s ,  r e s p e c t i v e l y ) .  I t  can be shown t h a t ,  f o r  t h e  
FSS-LLL 
AA4 [- (AAl - AAZA + AA4) + (AA5 - AA2B) . -AA2B SRATIO = 
AA5 AA1-AA2B 
AA2A 1 
SCONST = 0 
and 
where WS1 and WS2 a r e  t h e  unsprung w e i g h t s  o f  t h e  l e a d i n g  and 
t r a i l i n g  a x l e s ,  r e s p e c t i v e l y .  
B .7  The M u l t i p l e - T o r q u e  Rod Four S p r i n g  Suspension 
A s k e t c h  o f  t h e  m u l t i p l e - t o r q u e  r o d  f o u r  s p r i n g  suspension 
(MTRFSS) under  d i s c u s s i o n  appeared i n  F i g u r e  2-18. The mathemat ica l  
model o f  t h i s  suspension wh ich  w i l l  be developed i s ,  i n  p a r t ,  based 
on t h e  h y p o t h e s i s  t h a t  t h e r e  a r e  two s i g n i f i c a n t  mechanisms b y  wh ich  
t h i s  suspension r e a c t s  b rake  to rques .  These mechanisms a r e :  
1)  The development o f  coup les  composed o f  v e r t i c a l  
f o r c e s  l o c a t e d  a t  t h e  s p r i n q l f r a m e  c o n t a c t  p o i n t s .  
These coup les  deve lop v i a  " s p r i n g  wrap-up." 
2) The development o f  coup les  composed o f  t e n s i l e  and 
compressi ve f o r c e s  developed i n  t h e  t o r q u e  r o d s .  
Conspicuous i n  t h e i r  absence a r e  t h e  f r i c t i o n a l  ( h o r i z o n t a l )  
f o r c e s  a t  t h e  s p r i n g l f r a m e  c o n t a c t  p o i n t s .  A l though these f o r c e s  
a r e  s i g n i f i c a n t  i n  t h e  b a s i c  f o u r  s p r i n g  suspension,  we b e l i e v e  
t h a t  i t  i s  reasonab le  t o  i g n o r e  them i n  t h e  MTRFSS. I n  t h e  b a s i c  
model, f r i c t i o n a l  f o r c e s  a r e  s i g n i f i c a n t  inasmuch as t h e i r  p a r t i c i -  
p a t i o n  i n  t h e  h o r i z o n t a l  f o r c e  coup les  reduces t h a t  p o r t i o n  o f  t h e  
b rake  t o r q u e  which must be r e a c t e d  b y  t h e  v e r t i c a l  s p r i n g l f r a m e  
c o n t a c t  f o r c e  coup les .  However, t h e  i n t r o d u c t i o n  o f  t h e  upper 
t o r q u e  r o d  g r e a t l y  reduces t h e  impor tance o f  f r i c t i o n a l  f o r c e s  i n  
d e t e r m i n i n g  t h e  appor t ionment  o f  b rake  to rque  r e a c t i o n  e f f o r t .  W i t h  
t h e  i n t r o d u c t i o n  o f  t h i s  new element, t h e  i n t e r r e l a t i o n s h i p  between 
t h e  t o r s i o n a l  compl iance o f  t h e  l e a f  s p r i n g  ( m a n i f e s t  i n  " s p r i n g  
wrap-up" ) ,  t h e  t o r s i o n a l  compl iance o f  t h e  t o r q u e  r o d  assembly* (due 
t o  t h e  use o f  r u b b e r  bush ings,  e t c . )  and t h e  geometr ic  c o n s t r a i n t s  
rep resen ted  b y  1  oad 1  eve1 e r  and t o r q u e  r o d  assembly angu la r  p o s i t i o n s  , 
become paramount i n  d e t e r m i n i n g  t h e  appor t ionment  o f  b rake  t o r q u e  
*Herein,  t h e  " to rque  r o d  assembly" i s  d e f i n e d  as t h e  f o u r - b a r  
l i n k a g e  composed o f  t h e  upper and l o w e r  t o r q u e  r o d s ,  t h e  a x l e  
housing,  and t h e  v e h i c l e  frame. 
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r e a c t i o n  e f f o r t .  F r i c t i o n a l  f o r c e s ,  then,  a r e  r e l e g a t e d  t o  second- 
o r d e r  impor tance.  
A c o n c e p t u a l i z e d  s k e t c h  o f  t h e  MTRFSS, showing t h e  dynamic 
components and mot ions  o f  i n t e r e s t ,  appeared i n  F i g u r e  2.1 9* .  
As shown i n  t h e  f i g u r e ,  each l e a f  s p r i n g  has been reduced t o  fou r  
e lements .  Namely, a  r i g i d  l i n k  w i t h  a n g u l a r  p o s i t i o n ,  eK, a  l i n e a r  
s p r i n g  w i t h  r a t e  K ,  a  t o r s i o n a l  s p r i n g  w i t h  r a t e  KTQ, and a  coulomb 
f r i c t i o n  member wh ich  s a t u r a t e s  a t  CF. Note t h a t  t h i s  coulomb 
f r i c t i o n  member i s  assumed t o  be l o c a t e d  between t h e  sprung mass 
and unsprung mass. A v i scous  damping member i s  a l s o  p r o v i d e d .  Each 
unsprung mass, MS, has a  v e r t i c a l  p o s i t i o n ,  ZS, and a n g u l a r  p o s i t i o n ,  
eS. The t o r q u e  r o d  assembly i s  reduced t o  a  massless f o u r - b a r  
l i n k a g e  p inned t o  t h e  unsprung mass a t  t h e  c e n t e r  o f  t o r s i o n a l  com- 
p l i a n c e  o f  t h e  t o r q u e  r o d  assembly. (The c e n t e r  o f  t o r s i o n a l  
compl iance i s  d e f i n e d  as f o l l o w s :  Cons ider  t h e  t o r q u e  r o d  assembly 
s e p a r a t e l y ,  i . e n ,  remove t h e  l e a f  s p r i n g s  f rom F i g u r e  2-18. I f  t h e  
a n g l e  AA7 were h e l d  f i x e d  and a  moment a p p l i e d  t o  t h e  a x l e  hous ing,  
a  s l i g h t  r o t a t i o n  o f  t h e  a x l e  h o u s i n g  wou ld  r e s u l t  due t o  compl i ance  
i n  t h e  t o r q u e  r o d  assembly. The c e n t e r  o f  t h i s  r o t a t i o n  i s  d e f i n e d  
as t h e  c e n t e r  of  t o r s i o n a l  compl iance.  A t o r s i o n a l  s p r i n g  o f  r a t e  
KTRTQ ( a  p r o p e r t y  o f  t h e  t o r q u e  r o d  assembly) i s  l o c a t e d  between 
t h i s  1  i n k  and t h e  unsprung mass. The ang le  eSN ( r e a d  eS-nominal) 
i s  de f i ned  as t h e  nominal a n g u l a r  p o s i t i o n  o f  t h e  unsprung mass, i . e . ,  
t h e  a n g u l a r  p o s i t i o n  ( d e f i n e d  b y  t h e  t o r q u e  r o d  assembly geometry) 
wh ich  t h e  unsprung mass wou ld  assume, f o r  a  g i v e n  v e r t i c a l  p o s i t i o n ,  
i f  i t  were under  no l o a d .  There fo re ,  eSN i s  a  f u n c t i o n  o f  ZSP where 
t h e  f u n c t i o n  i s  e s t a b l  i s h e d  independen t l y  b y  t h e  geometry o f  t h e  
t o r q u e  r o d  assembly. F i n a l l y ,  t h e  l o a d  l e v e l e r  i s  shown as a  r i g i d  
l i n k  w i t h  a n g u l a r  p o s i t i o n  eL.) 
* I n  F i g u r e  2.18 and i n  F i g u r e  2.19, v a r i o u s  l a b e l s  appear w i t h  t h e  
s u b s c r i p t s  ( 1 )  and ( 2 )  d e n o t i n g  t h e  l e a d i n g  and t r a i l i n g  a x l e s ,  
r e s p e c t i v e l y .  I n  t h e  f o l l o w i n g  d i s c u s s i o n ,  wherever i t  i s  n o t  
i m p o r t a n t  t o  d i s t i n g u i s h  between a x l e s ,  t hese  s u b s c r i p t s  w i  11 be 
dropped. 
We w i l l  ncw deve lop a  mathemat ical  model o f  t h e  MTRFSS based 
on t h e  conceptua l  model o f  F i g u r e  2 -19 .  The model i s  based on t h e  
f o l l  owing assumpt ions:  
1 )  I n  genera l ,  t h e  model ing  concepts o f  F i g u r e  2-19 a r e  
v a l i d .  
2)  V e r t i c a l  mot ions  o f  t h e  unsprung mass a r e  t h e  o n l y  
independent mot ions  o f  t h e  suspension ( 1  ong i  t u d i n a l  
m o t i o n  i s  coup led t o  t h e  sprung mass) i n  wh ich  i n e r t i a  
i s  s i g n i f i c a n t .  
3) Displacements shown i n  F i a u r e  2-19 a r e  t h e  o n l y  
suspension mot ions  o f  s i g n i f i c a n c e  and a r e  i m p o r t a n t  
o n l y  w i t h  r e s p e c t  t o  t h e  development o f  s p r i n g  
f o r c e s ;  i .e. ,  s l i g h t  changes i n  a l l  o t h e r  d imensions 
( s e e  F i g u r e  2-18) due t o  mot ions o f  t h e  suspension 
a r e  i gno red .  
4 )  Mo t ion  ( Z S )  i s  assumed t o  remain v e r t i c a l  f o r  a1 1  
suspens ion /veh ic le  mot ions .  
5 )  A l l  p i n  connect ions  a r e  f r i c t i o n l e s s .  
6 )  Only  v e r t i c a l  f o r c e s  e x i s t  a t  t h e  s p r i n g / f r a m e  and 
s p r i n g / l o a d  l e v e l e r  c o n t a c t  p o i n t s .  
where NACOEF( 1) and NACOEF(2) ( r e a d  nominal a x l e  
a n g l e  c o e f f i c i e n t )  a r e  cons tan ts .  
Assumption ( 7 )  rep resen ts  a f u r t h e r  r e s t r i c t i n g  on t h e  
f u n c t i o n a l  r e l a t i o n s h i p  between eSN and ZS d iscussed e a r l i e r .  The 
va lue  o f  NACOEF i s  pa ramet r i c  i n p u t  t o  t h e  model. 
We w i l l  b e g i n  w i t h  t h e  dynamic p o r t i o n  o f  t h e  model. Re fe r  
t o  t h e  f ree-body diagram o f  F i g u r e  B-26 and no te  t h a t  a1 1  f o r c e s  
shown i n  t h e  f i g u r e  a r e  dynamic components. App ly ing  Newton's 
second law t o  each o f  t h e  unsprung masses, r e s p e c t i v e l y :  

where FX i s  t h e  b rake  f o r c e  i n p u t  t o  t h e  a x l e .  Now, i n  t h e  Z 
d i r e c t i o n ,  
where DN i s  t h e  dynamic p o r t i o n  o f  t h e  t i r e  normal l o a d  and FF i s  
t h e  t o t a l  f r i c t i o n a l  f o r c e  on t h e  a x l e  (coulomb p l u s  v iscous)  .* 
Summing moments on t h e  unsprung masses about t h e  a x l e  
cen te rs  : 
(B -  138) 
From t h e  geometry o f  t h e  suspension model, t h e  v a r i o u s  s p r i n g  
f o r c e s  and moments can be expressed as f o l l o w s :  
*See S e c t i o n  B . l  f o r  t h e  techn ique used i n  model ing coulomb f r i c t i o n .  
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where, assuming smal l  va lues o f  eK(1) and eK(2),  
e ~ ( 1 )  = - - AA4 s i n  OL AA 1 ( a )  
(B-142) 
AA5 eK(2) = - - s i n  eL AA1 ( b  
Consider t h e  "nominal ax1 e  p o s i t i o n  1  i n k "  f ree-body d iagram 
o f  F i g u r e  8-27, Summing moments about  p o i n t  A, 
TRTQ + TRH[(1 -c )  - d  + ( 1  -c ) *b* tanAA7]  - P[b*c*sinAA7 
+ ( d  + ( l -c ) *b- tanAA7) .cosAA7]  = 0 (8-143) 
where c  i s  a  p r o p o r t i o n a l  i t y  c o n s t a n t .  Rearrang ing 
P = TRTQ + ( 1  - c )  * (d+b*  tanAA7) -TRH besinAA7 + d  ocosAA7 
Summing moments about  p o i n t  B ,  
TRTQ + (l-c)edgTRH + ( l - c )ab*TRV - P*(b.sinAA7 + dwcosAA7) = 0 
(8-1  45) 
F i g u r e  8-27. Free-body diagram: t h e  "nominal a x l e  p o s i t i o n  1 i n k .  " 
S u b s t i t u t i n g  Equat ion (B-144) i n t o  (B-145) y i e l d s  
TRTQ + (1-c)ed.TRH + (1 -c ) *b*TRV - TRTQ - ( 1 - c ) * ( d + b  wtanAA7)eTRH = 0  
TRV = TRH tanAA7 (B-147) 
Equat ion (B-147) appl  i e s  t o  b o t h  a x l e s  and may be w r i t t e n  
R e f e r r i n g  aga in  t o  F i g u r e  E-26, sum moments on t h e  s p r i n g  
l i n k s  and rea r range  t o  f i n d :  
Summing moments on t h e  l o a d  l e v e l e r :  
S u b s t i t u t i n g  Equa t ion  (0-149) i n t o  (0-150) 
S u b s t i t u t i n g  Equat ion (B-139),  (B-140),  (8-141) ,  (8-1421, and (B-148) 
i n t o  Equat ion (B-138) and r e a r r a n g i n g  
F i n a l l y ,  Equat ions (8-135) ,  (8 -139) ,  (B-141),  (B-142),  (B-151),  
and (B-152) may a l l  be so l ved  f o r  s i n  e l  y i e l d i n g  
s i n  e l  = 
The necessary suspension model o u t p u t s  a r e  t h e  t o t a l  v e r t i c a l  
suspension f o r c e  (TSFV) , t h e  t o t a l  h o r i z o n t a l  suspension f o r c e  
(TSFH), t h e  t o t a l  suspension to rque  about  t h e  suspension r e f e r e n c e  
p p i n t  (TSTORQ) , p l u s  Z S P ( ~ )  and Z S P ( ~ ) .  
D e f i n e  SFV(1) as t h e  v e r t i c a l  suspension f o r c e  assoc ia ted  
w i t h  a x l e  1, t h a t  i s  
By d e f i  n i t  i o n  
TSFV = TRV(1) + FF(1) - TN1-TN2 + TRV(2) + FF(2) - TN3-TN4 (B-155) 
Summing v e r t i c a l  f o r c e s  on t h e  l e a f  s p r i n g  l i n k s *  
From (B-154),  (B-155) and (8-156) 
TSFV = SFV(1) + SFV(2) (B- 157) 
By d e f i n i t i o n :  
TSTORQ = TNl(AA1 + AA4) - TN4(AA1 + AA5) 
- FF(1) (AA1 - AA2A + AA4) + FF(2) *(AA1 - AA2B + AA5) 
+ TRH(1) *AA6(1) + TRH(2) *AA6(2) 
- TRV( 1 ) [ AA1 - AA2A + AA4 + AA8( 1 ) ] + TRV(2) 
[ A A l  - AA2B + AA5 - AA8(2)] - TRTQ(1) - TRTQ(2) (8-1 58) 
B u t  b y  summing moments about  t h e  suspension r e f e r e n c e  p o i n t  f o r  
t h e  f ree-body diagram o f  F i g u r e  B-27, 
*Note t h a t  i n  t h i s  model, u n l i k e  i n  t h e  b a s i c  f o u r  s p r i n g  model, 
t h e  "TN" f o r c e s  a r e  dynamic components o n l y ,  n o t  t h e  t o t a l  f o r c e .  
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S u b s t i t u t i n g  Equat ions (B-137), (B-154), and (B-158) i n t o  
(B-159) y i e l d s  
TSTORQ = - TT(1) - TT(2) 
- SFV(1) (AA1 - AA2A + AA4) + SFV(2) (AA1 - AA2B + AA5) (B-160) 
By d e f i n i t i o n  
TSFH = TRH(1) + TRH(2) (B-161) 
From Equat ions (B-137) and (8 -1  54) 
By way o f  rev iew,  t h e  e n t i r e  suspension model o u t p u t  can be 
rep resen ted  by :  
TSFV = SFV(1) + SFV(2) ( a )  
TSFH = TRH(1) + TRH(2) ( b )  (B-153) 
TSTORQ = -TT(1) - TT(2) - SFV(l)(AAl-AA2+AA4) ( 4  
+ SFV(2) (AA1 - AA2B + AA5) 
where t h e  SFV, TRH, and FK forces  a r e  a v a i l a b l e  f rom Equat ions  
(B-148),  (B-154),  and (B-139),  r e s p e c t i v e l y ,  and s i n  e l  i s  
a v a i l a b l e  from Equat ion  (8-143) .  The va lues o f  x ,  FX(1) , FX(2),  
T T ( l ) ,  TT(2), DN(1), DN(2), ZSP(1) , and ZSP(2) a r e  c a l c u l a t e d  e l s e -  
where i n  t h e  program and a r e  i n p u t  t o  t h e  suspension model . FF(1) 
and FF(2) a r e  f r i c t i o n a l  f o r c e s ,  a l s o  cons ide red  i n p u t  t o  t h e  model. 
Thus t h e  dynamic model i s  complete and we w i  11 now t u r n  t o  
s t a t i c  c o n s i d e r a t i o n s .  The MTRFSS model, as shown i n  F i g u r e  2-19, 
i s  i n d e t e r m i n a t e  w i t h  r e s p e c t  t o  s t a t i c  t i r e  normal l oads  un less  
i n f o r m a t i o n  d e s c r i b i n g  t h e  " p r e s e t "  o f  t h e  v a r i o u s  t o r s i o n a l  s p r i n g s  
i s  known. The i n p u t  parameter PRCTNl p rov ides  t h i s  i n f o r m a t i o n .  
PRCTNl i s  d e f i n e d  as t h e  percentage o f  t i r e  normal l oad  ( b o t h  a x l e s )  
c a r r i e d  by  t h e  l e a d i n g  a x l e .  Thus i t  can be shown t h a t  t h e  parameters 
SRATIO and SCONST, wh ich  a r e  d e f i n e d  b y  t h e  e q u a t i o n  
STORQ = SRATIO SSFV + SCONST (B-165) 
a re ,  f o r  t h i s  suspension,  
SRATIO = -(AAI-AA2AtAA4) PRCTNl ) PRCTN1 + (AAI -AA2B+AA5) ( 1  - 
(B-166) 
PRCTN' WS2 - ( 1  SCONST = [ PRCTN1 )WS1 ] [ (AA1 -AA2A+AA4) - 100 
SRATIO and SCONST a r e  c a l c u l a t e d  acco rd ing  t o  Equat ions  (B-166) 
and (B-167) i f  t h e  use r  e n t e r s  PRCTNl such t h a t  0  - < PRCTNl - < 100. 
O p t i o n a l l y ,  t h e  use r  may e n t e r  PRCTNl o u t s i d e  o f  t h i s  range.  I n  
t h i s  case, t h e  program w i l l  assume a  " p r e s e t "  o f  ze ro  i n  t h e  KTRTQ 
s p r i n g s  ( F i g u r e  2 -19) under which c o n d i t i o n  t h e  s t a t i c  model o f  t h e  
MTRFSS becomes i d e n t i c a l  t o  t h a t  o f  t h e  b a s i c  f o u r  s p r i n g  
suspension descr ibed e a r l i e r  i n  Sec t ion  B .4. 
I n  e i t h e r  case, t h e  s t a t i c  t i r e  normal loads o f  t h e  l e a d i n g  
and t r a i l i n g  ax les  may be shown t o  be 
N S 2  = WS1 + WS2 - SSFV - NS1 (B-169) 
B.8 The MTRFSS w i t h  a  Lea f  Spring-Type Lower Torque Rod 
F i g u r e  2-23 i 11 u s t r a t e s  a  common m o d i f i c a t i o n  o f  t h e  MTRFSS 
i n  which the  lower  to rque  r o d  f u n c t i o n  i s  performed by a  l e a f  
s p r i n g  member. The a d d i t i o n  o f  t h i s  l e a f  s p r i n g  to rque  r o d  may 
be accommodated i n  t h e  conceptual  model o f  t h e  MTRFSS by  a  
chanpe i n  t h e  to rque  r o d  assembly model as shown i n  F i g u r e  B-28, 
where KTR i s  t h e  l i n e a r  s p r i n g  r a t e  o f  t h e  l e a f  s p r i n g  to rque  
rod.  





F i g u r e  B-28. Conceptual model o f  t h e  MTRFSS w i t h  s p r i n g - t y p e  
lower  to rque  rod .  
Mathemat i ca l l y ,  t h e  use o f  a  l e a f  s p r i n g  t o r q u e  r o d  r e s u l t s  
i n  changes t o  Equat ions (B-143) th rough  (B-148) ( o f  S e c t i o n  B .7 ) ,  
p l u s  a1 1  f o l l o w i n g  equa t ions  which a r e  d e r i v e d  f rom these equat ions 
Equa t ion  (B-143) becomes 
TRTQ + T R H * [ ( l - c ) * d  + ( 1 - c ) * b * t a n A A 7 ]  
- P -  [becesinAA7 + ( d  + ( 1 - c )  ebatanAA7) *cosAA7] 
and (0-145) becomes 
TRTQ + (1-c)*d*TRH + (1-c)*beTRV - P(bosinAA7 
+ dgcosAA7) - FKTRea = 0 (8-1  71 ) 
Combining Equat ions (B-170) and (B-172) t o  e l  i m i n a t e  P and 
so lve  f o r  TRV y i e l d s  
TRV FKTR TRH tanAA7 + - cosAA7 
From t h e  geometry o f  F i g u r e  B-28 we can show t h a t  f o r  smal l  va lues  
o f  0s  
KTR (ZSP - AA9 eS) FKTR = cosAA7 
S u b s t i t u t i n g  Equat ion (B-173) i n t o  (8-1 72) 
TRV = TRH tanAA7 + cos  KIR AA7 ( Z S P  - AA9 • 8 s )  (8-1  74) 
Equat ion (B-174) r e p l a c e s  Equa t ion  (B-147) i n  t h e  a n a l y s i s  
o f  S e c t i o n  B.7, r e s u l t i n g  i n  a p p r o p r i a t e  changes t o  Equat ions 
(8-148) , (B-152) , and (B-153) . 
The s t a t i c  c a l c u l a t i o n s  f o r  t h e  suspension a r e  i d e n t i c a l  
t o  those f o r  t h e  MTRFSS. ( I n  t h i s  case, t h e  e n t r y  o f  PRCTNl 
o u t s i d e  t h e  range o f  0  t o  100 c a l l s  f o r  an assumed ze ro  p r e s e t  
i n  b o t h  t h e  KTRTQ and KTR s p r i n g s . )  
B.9 Air Suspension Model 
B.9.1 I n t r o d u c t i o n .  Th is  s e c t i o n  i s  i n t e n d e d  t o  e x p l a i n  
t h e  a i r  suspension model o f  t h e  Phase I 1 1  s i m u l a t i o n  programs. 
There a r e  a  number o f  d i f f e r e n t  a i r  suspensions on t h e  market .  The 
model d e s c r i b e d  he re  encompasses s i n g l e  and tandem a x l e  des igns 
u s i n g  e i t h e r  f o u r - b a r -  o r  t r a i l  ing-arm- type 1  inkages.  
The a i r  suspension model i s  c o n v e n i e n t l y  d i v i d e d  i n t o  t h r e e  
p a r t s :  
1 )  t h e  mechanical  l i n k a g e  system 
2) t h e  a i r  s p r i n g  
3 )  t h e  a i r  d e l i v e r y  system 
These p a r t s  o f  t h e  model w i l l  be d e a l t  w i t h  s u c c e s s i v e l y  i n  t h e  
n e x t  t h r e e  s e c t i o n s .  S e c t i o n  B.9.5 cons ide rs  t h e  i n t e r r e l a t i o n -  
s h i p s  between t h e  v a r i o u s  p a r t s  o f  t h e  model and S e c t i o n  B.9.6 
d iscusses s t a t i c  c o n s i d e r a t i o n s  f o r  t h e  model. 
B.9.2 The Mechanical L inkage System. The f i r s t  l i n k a g e  
system t o  be modeled i s  t h e  tandem f o u r - b a r  t y p e  as i l l u s t r a t e d  
i n  F i g u r e  2.25. Dimensions r e l e v a n t  t o  t h e  problem appear i n  
t h e  f i g u r e .  Free-body diagrams o f  each l i n k ,  showing a l l  dynamic 
f o r c e s  and moments a c t i n g  on t h e  l i n k s ,  appear i n  F i g u r e  B-29. 
I n  t h e  f r e e  bod ies  o f  F i g u r e  B-29, t h e  dynamic t i r e  normal 
fo rces  ( D N ) ,  v i scous  damping f o r c e s  (FF) ,  t h e  a i r  s p r i n g  f o r c e s  
(FS), b rake f o r c e s  (FX) , b rake  to rques  (TT) , l o n g i t u d i n a l  dece le ra -  
t i o n s  (XDD), and t h e i r  r e l a t e d  D 'A lember t  f o r c e s  (MS XDD) , a r e  
cons ide red  known " i n p u t s "  t o  t h e  1  i nkage, h a v i n g  been c a l c u l a t e d  
e a r l i e r  i n  o t h e r  p o r t i o n s  o f  t h e  program. A l l  o t h e r  f o r c e s  p l u s  
t h e  v e r t i c a l  a c c e l e r a t i o n s  (ZSP)  a r e  unknown r e a c t i o n s  t o  these 
f o r c e s .  

The assumptions on which the  l i n kage  model i s  based a re :  
1 )  Masses o r  moments o f  i n e r t i a  a re  s i g n i f i c a n t  o n l y  
w i t h  respec t  t o  v e r t i c a l  and l o n g i t u d i n a l  mot ion 
o f  the  a x l e  assembly. 
2) The l o n g i t u d i n a l  acce le ra t i ons  o f  the  unsprung 
masses a re  i d e n t i c a l  t o  t h a t  o f  sprung mass. 
3 )  The mass cen te r  and a x l e  cen te r  o f  each unsprung 
mass a re  c o i n c i d e n t .  
4 )  The p i n  connect ion between t he  main suspension arm 
and t he  a x l e  hous ing l i e s  d i r e c t l y  below t he  a x l e  
cen te r .  
5 )  A l l  p i n c o n n e c t i o n s a r e f r i c t i o n l e s s .  
6 )  The a i r  s p r i n g  may t r a n s m i t  v e r t i c a l  f o r c e  on l y .  
7) Changes i n  geometry due t o  mot ions o f  the  suspension 
and v e h i c l e  a re  ignored.  
As o u t l i n e d  i n  Sec t ion  B . l ,  t h e  ou tpu t  o f  t h e  suspension 
model r e q u i r e d  by subrou t ine  FCTl a r e  t he  t o t a l  v e r t i c a l  suspen- 
s i o n  f o r c e  (TSFV) , the  t o t a l  h o r i z o n t a l  suspension f o r c e  (TSFH) , 
t o t a l  suspension to rque  about t h e  suspension re fe rence  p o i n t  
(TSTORQ), and t h e  v e r t i c a l  acce le ra t i ons  o f  t he  unsprung masses 
( Z S P ( )  , I = 1 2 )  (Note t h a t  t h e  suspension re fe rence  p o i n t  i s  
de f i ned  as the l e a d i n g  a x l e  cen te r . )  These q u a n t i t i e s  may be 
expressed as: 
TSFV = SFV(1) t SFV(2) (B-175) 
TSFH = SFH(1) + SFH(2) (B-176) 
TSTORQ = TORQ(1) + TORQ(2) + SFV(2) AA1 (B-177) 
where SFV, SFH, and TORQ a re  de f ined ,  r e s p e c t i v e l y ,  as t he  t o t a l  
v e r t i c a l  - a x l e  f o r ce ,  t o t a l  h o r i z o n t a l  a x l e  f o r ce ,  and t he  t o t a l  
a x l e  torque about the  a x l e  center ,  and t he  subsc r i p t s  ( 1 )  and ( 2 )  
Line of Action of 
Torque Rod Force -- - 
FX- MS-XDD 
Figure B- 30. Dynamic f r e e - b o d y  d i ag ram:  Axle assembly 
o f  the f o u r - h a r  l j n k a n e  a i r  suspension. 
r e f e r  t o  l ead ing  and t r a i l i n g  ax les ,  r e s p e c t i v e l y .  I n  t h e  
f o l l o w i n g  a n a l y s i s ,  equat ions f o r  SFV, SFH, and TORQ, as w e l l  
as ZSP,  w i  11 be developed. Subscr ip ts  w i  11 be dropped from a1 1 
n o t a t i o n s  s i n c e  t he  ana l ys i s  i s  a p p l i c a b l e  t o  e i t h e r  ax l e .  
By d e f i n i t i o n :  
SFV r TRV + RV - FS + FF (8- 178) 
SFH E - TRH - RH (B-179) 
TORQ r TRH AA5 - RV AA3 
- RH(AA~ - AA3 tanAA7A) - FS (AA2-AA3) (B-180) 
Consider the  f r e e  body o f  an e n t i r e  a x l e  assembly, F igure  
B-30. Summing moments about t h e  a x l e  cen te r :  
Then from (B-180) and (B-181) 
TORQ = -TT 
and f rom t h e  same f r e e  body, i n  t h e  x d i r e c t i o n :  
TRH + RH + FX - MS XDD = 0 
Combini ng Equat ion (B-179) and (B-177) 
SFH = FX - MS XDD (B-184) 
App ly ing  Newton's second law t o  t he  main suspension arm i n  
t h e  z d i r e c t i o n :  
and f r o m  Equat ions (B-178) and (€3-185) 
SFV = TRV - AV + FF (8-186) 
App ly ing  Newton's second law t o  t h e  a x l e  hous ing i n  t h e  z 
d i r e c t i o n :  
AV - TRV - MS zs - DN - FF = 0 
o r  
MS zs = AV - TRV - DN - FF 
and f rom Equat ions (B-184) and (B-185) 
ZS = - (SF1 + DN) MS 
I t  remains t o  determine t h e  fo rces  TRV and AV. Wi th  these 
two f o r c e s ,  Equat ions (8-175) through (8-1 80), (B-182) , (8-184) , 
(B-186), and (B-188) rep resen t  t h e  e n t i r e  s o l u t i o n  f o r  t h e  
r e q u i r e d  suspension model o u t p u t  v a r i a b l e s .  
Summing moments on t h e  to rque  r o d  and s e t t i n g  equal t o  
zero  leads  t o  
TRH = TRV/tan AA7B (8-189) 
Summing moments on t h e  a x l e  hous ing,  f i r s t  about t h e  a x l e  c e n t e r  
and then about t h e  main arm p i n ,  and s e t t i n g  equal t o  zero  y i e l d s  
Equat ions (B-190) and (B-191), r e s p e c t i v e l y .  
TRH AA5 + AH AA4 + TT = 0 (B-190) 
TRH (AA4+AA5) + (FX - MS XDD) AA4 + TT = 0 (B-191)  
Rearranging (B-190) 
- TT TRH = - AA4 AA5 - AH AA5 
S u b s t i t u t i n g  (B-189) and (8 -192) ,  r e s p e c t i v e l y ,  i n t o  (B-191) 
and r e a r r a n g i n g  y i e l d s :  
AA5 AH = (FX - MS XDD) AA4 + AA5 TT - AA4 + AZ 
Now summing morr~ents on t h e  main arm about  t h e  body connec t ion  
p i n :  
S u b s t i t u t i n g  (B-194) and (B-195) and s o l v i n g  f o r  AV 
AA2 tanAA7A A V  = FS + [(FX - MS XDD) AA5 - TT] AA4 + AA5 
S u b s t i t u t i n g  (B-193) and (B-196) i n t o  (B-186) 
SFV = -FS - AA2 - (FX - MS XDD) ( AA5 tanAA7A + AA4 tanAA7B) 
AA3 AA4 + AA5 
I n  summary, t h e  o u t p u t s  f rom t h e  suspension model a r e  
TSFV = SFV(1) + SFV(2) ( a )  
TSFH = SFH(1) + SFH(2) ( b )  
TSTORQ= TORQ(1) + TORQ(2) + AA1 SFV(2) ( c )  (B-198) 
where SFV( I) , SFH( I) , and TORQ( I) ( I = 1,2) may be found f rom 
Equat ions  (B-197),  (B-184) ,  and (R-182), r e s p e c t i v e l y .  
The p reced ing  a n a l y s i s  f o r  a  tandem suspension composed 
o f  two f o u r - b a r  l i n k a g e - t y p e  a x l e s  may be e a s i l y  m o d i f i e d  t o  
account  f o r  t r a i l i n g  arm l i n k a g e s  (see  F i g u r e  2-26) a t  e i t h e r  
o r  b o t h  a x l e s .  
Equa t ion  (B-198) remains a p p l i c a b l e  r e g a r d l e s s  o f  t h e  
1  i nkage  arrangement. F u r t h e r ,  i t  can be shown t h a t  t h e  equa t ions  
f o r  SFH and TORQ (Equa t ions  (8-184) and (B-182),  r e s p e c t i v e l y )  
remain  unchanged f o r  t h e  t r a i l i n g  arm l i n k a g e .  Thus, t o  adapt  
t h e  a n a l ~ y s i s  t o  t h e  t r a i l i n g  arm arrangement,  o n l y  t h e  e q u a t i o n  
f o r  SFV need be a1 t e r e d .  
Us ing  t h e  n o t a t i o n  f rom F i g u r e  2-26 and B-31 ( f r e e - b o d y  
d iagram o f  a  t r a i l i n g  arm a x l e ) ,  and t h e  d e f i n i t i o n  o f  SFV: 
SFV = R V - F S +  FF (B-199) 
E q u a t i o n  (B-199) i s ,  of course,  i d e n t i c a l  t o  Equa t ion  (8-178) 
excep t  f o r  t h e  omiss ion  o f  t h e  v e r t i c a l  t o r q u e  r o d  f o r c e ,  TRV. 
Summing moments about  t h e  a x l e  c e n t e r  i n  F i g u r e  2.32 
y i e l d s :  
Figure B-31. Dynamic free-body diagram: Trailing arm 
air suspension. 
where, f rom t h e  summation o f  h o r i z o n t a l  f o r c e s  
RH = MS XDD - FX 
Combi n i  ng t h e  t h r e e  p reced i  ng equat ions  
4A2 T T + ( F X - M S * X D D ) A A 4 + F F  
SFV = - F S ( r n )  + AA 3 
Thus, i f  a  t r a i l i n q  arm t y p e  a x l e  i s  t o  be used, i n  e i t h e r  
l e a d i n g  o r  t r a i l i n g  p o s i t i o n ,  Equat ion  (B-202) rep laces  Equat ion  
(B-197) as t h e  d e f i n i t i o n  o f  SFV (i .e. ,  SFV(1) f o r  l e a d i n g  a x l e  
o r  SFV(2) f o r  t r a i l i n g  a x l e )  i n  Equa t ion  (B-198).  
F i n a l l y ,  t h e  mechanical  1  inkage a n a l y s i s  can b e  a1 t e r e d  f o r  
a s i n g l e - a x l e  a i r  suspension s i m p l y  by  s e t t i n g  a l l  terms i n  
Equat ion  (B-198) w i t h  " ( 2 ) "  s u b s c r i p t s  t o  zero .  
8.9.3 The Air Spr ing .  Bas ic  t o  t h e  model o f  t h e  a i r  s p r i n g ,  
whose d e s c r i p t i o n  f o l l o w s  i n  t h i s  s e c t i o n ,  and t o  t h e  model o f  t h e  
a i r  d e l i v e r y  system desc r ibed  i n  S e c t i o n  8.9.4, i s  t h e  assumption 
t h a t  t h e  behav io r  o f  t h e  e n t i r e  a i r  suspension system can be 
desc r ibed  as two independent thermodynamic processes. These 
processes a re :  
1  . A  c o n s t a n t  mass, r e v e r s i b l e  p o l y t r o p i c  ( i  .e. ,  
P V ~  = c o n s t )  process wh ich  i s  assumed t o  d e s c r i b e  
t h e  a c t i o n  o f  t h e  a i r  i n  t h e  s p r i n g  a t  t i m e  ( t )  
o v e r  t h e  t i m e  p e r i o d  ( t )  t o  ( t  + b t )  where a t  i s  
t i m e  s t e p  s i z e  used i n  t h e  d i g i t a l  computer 
program. 
2.  A c o n s t a n t  tempera ture  process  assumed t o  d e s c r i b e  
t h e  e f f e c t s  o f  t h e  v a r i o u s  a i r  f l o w s  i n  and o u t  o f  
t h e  s p r i n g  d u r i n g  t h e  t i m e  p e r i o d  ( t )  t o  ( t  + a t ) .  
Fo r  t h e  sake o f  semant ic  c o n v e n t i o n  i n  t h e  f o l l o w i n g  
d i s c u s s i o n s ,  t h e  f i r s t  p rocess  i s  a t t r i b u t e d  t o  t h e  a i r  s p r i n g ;  
t h e  second process  i s  a t t r i b u t e d  t o  t h e  a i r  d e l i v e r y  system. 
The nomenc la ture  used i n  t h e  f o l l o w i n g  d i s c u s s i o n  i n c l u d e s :  
h :  a i r  s p r i n g  h e i g h t  
L :  a i r  s p r i n g  l oad 
P: a i r  s p r i n g  qauge p ressu re  
Pa : a i r  s p r i n g  a b s o l u t e  p r e s s u r e  
'a t  a tmospher ic  p r e s s u r e  
V :  a i r  s p r i n g  i n t e r n a l  volume 
( ) o :  t h e  s u b s c r i p t  0 r e f e r s  t o  t h e  nominal  
( i . e . ,  o p e r a t i n g  p o i n t )  v a l u e  o f  t h e  
v a r i a b l e .  Fo r  example, Lo i s  t h e  nominal 
a i r  s p r i n g  l o a d .  
A (  1: t h e  p r e f i x ,  a, r e f e r s  t o  a  v a r i a t i o n  f rom 
t h e  nominal  va lue .  F o r  example, 
A t :  t h e  e f f e c t i v e  a i r  s p r i n g  area w i t h  r e s p e c t  
t o  l oad ;  
A v :  e f f e c t i v e  a i r  s p r i n g  area w i t h  r e s p e c t  
t o  volume; 
a i r  s p r i n g  c o n s t a n t  p ressu re  s p r i n g  r a t e ;  
An example o f  t h e  a i r  s p r i n g  performance d a t a  [ 1 9 ]  p u b l i s h e d  
b y  a i r  s p r i n g  manu fac tu re rs  appears i n  F i g u r e  B-32. Example 
va lues o f  AL, AV,  and K w h i c h  d e r i v e  f rom t h i s  d a t a  a r e  g i v e n .  
P 
Upon examin ing such a i r  s p r i n g  performance data ,  i t  i s  e v i d e n t  
t h a t  t h e  f o l l o w i n g  assumpt ions a r e  reasonab le :  
and 
( N o t e  t h e  absence o f  P i n  Equa t ion  (B-207) i m p l i e s  t h a t  t h e  
i n t e r n a l  volume o f  t h e  a i r  s p r i n g  i s  n o t  s i g n i f i c a n t l y  a f f e c t e d  
b y  p ressu re .  T h i s ,  o f  course,  i s  n o t  e x a c t . )  
I n  a d d i t i o n ,  t h e  s ta temen ts  o f  a t  l e a s t  one a i r  s p r i n g  
manu fac tu re r  [ I 9 1  s u p p o r t  t h e  assumpt ion o f :  
where C i s  a  c o n s t a n t ,  and suggest  t h a t  
T h i s  v a l u e  o f  n  w i l l  be  assumed here .  
I f  i t  i s  f u r t h e r  assumed t h a t ,  w i t h i n  t h e  range o f  i n t e r e s t  
about  t h e  o p e r a t i n g  p o i n t ,  l i n e a r  app rox ima t ions  o f  Equat ions  
(B-206) and (B-207) a r e  s u f f i c i e n t l y  accu ra te ,  t hen  Equa t ions  
(B-210) and (8-211) a r e  a p p l i c a b l e .  

S u b s t i t u t i n g  Equat ions (B-203) and (8-205) i n t o  (B-210) and 
Equa t ion  (B-202) i n t o  (B-211) y i e l d s :  
AL = AL AP - K ~h  
P 
and 
A V  = AV Ah 
S u b s t i t u t i n g  nominal va lues o f  p ressure  and volume and a  va lue  
o f  1.38 f o r  n  i n t o  Equat ion (B-208):  
Us ing  t h i s  va lue  f o r  C and s o l v i n g  Equat ion (B-208) f o r  P  
and b y  t h e  d e f i n i t i o n  o f  A P  
From t h e  d e f i n i t i o n  o f  nV and Equat ion (B-213) 
V = Vo  + Av n h  ( b )  
S u b s t i t u t i n g  Equat ion  (B-217b) i n t o  (B-215) y i e l d s :  
Equat ions (B-212),  (B-213),  and (B-218) c o n s t i t u t e  a  mathe- 
m a t i c a l  r e p r e s e n t a t i o n  o f  t h e  proposed a i r  s p r i n g  model. The 
i n p u t  t o  t h e  model i s  ah, t h e  change i n  a i r  s p r i n g  h e i g h t ,  and 
t h e  o u t p u t  i s  r , L ,  t h e  change i n  a i r  s p r i n g  v e r t i c a l  f o r c e .  A  
g r a p h i c a l  r e p r e s e n t a t i o n  o f  t h i s  model appears i n  F i g u r e  B-32. 
F i g u r e  8-32 g i v e s  an example o f  t h e  a i r  s p r i n g  model performance 
c h a r a c t e r i s t i c s  o f  an  example a i r  s p r i n g , *  
I n  t h e  f i g u r e ,  t h e  l i n e s  o f  c o n s t a n t  p ressu re  and t h e  p l o t  
marked "Vol . " r e p r e s e n t  pub1 i s h e d  da ta .  The v a r i o u s  s t r a i g h t  
l i n e s  a r e  t h e  mode l ' s  app rox ima t ion  o f  t h i s  d a t a  a c c o r d i n g  t o  
t h e  va lues o f  AV,  AL, and K o b t a i n e d  f o r  t h e  a r b i t r a r i l y  chosen 
P  
o p e r a t i n g  p o i n t .  The two p l o t s  marked " P ~ v " ~ ~  = Constant "  a r e  
t h e  r e s u l t s  o f  a p p l y i n g  t h e  e m p i r i c a l  d a t a  and t h e  model charac-  
t e r i s t i c s ,  r e s p e c t i v e l y ,  t o  t h i s  e q u a t i o n  ( i . e . ,  each o f  t h e s e  
p l o t s  r e p r e s e n t s  a  s o l u t i o n  t o  t h e  s imul taneous equa t ions :  
P,V" .38 = Constant  
( a )  
( b )  (B-219) 
* F i r e s t o n e  A i  r i d e  @ , No. 21 . [ 1 9 ] .  
The l i g h t e r  p l o t  r e s u l t s  when Equat ions  ( a )  and ( c )  a r e  so l ved  
u s i n g  a c t u a l  a i r  s p r i n g  data ;  t h e  d a r k e r  l i n e  comes f rom 
empl o y i n g  t h e  a i r  s p r i n g  model t o  s o l  ve Equa t i  ons ( a )  and ( c )  . 
Note t h a t  i n  F i g u r e  8-32, t h e  va lues o f  AV, A,-, and K were 
P  
determined b y  d e s i g n a t i n g  t h e  o p e r a t i n g  p o i n t  t o  be i d e n t i c a l  
t o  t h e  s t a t i c  c o n d i t i o n .  I n  c e r t a i n  s i t u a t i o n s ,  improved model 
behav io r  may b e  o b t a i n e d  b y  a  s l i g h t  v a r i a t i o n  o f  t h i s  procedure.  
For  example, c o n s i d e r  t h e  case when t h i s  s p r i n g  i s  b e i n g  used on 
t h e  r e a r  o f  a  s t r a i g h t  t r u c k  b e i n g  s t u d i e d  under b r a k i n g  o n l y .  
Assuming t h a t  t h e  o p e r a t i n g  p o i n t  r e p r e s e n t s  t h e  s t a t i c  1  oad i  ng 
cond i t , i on ,  i t  would g e n e r a l l y  be  expected t h a t  l o a d s  on t h e  
s p r i n g  wou ld  a lways be l e s s  than o r  equal  t o  t h e  nominal 1  oad and 
s p r i n g  h e i g h t  would be g r e a t e r  o r  equal t o  naminal h e i g h t .  Con- 
sequen t l y ,  t h e  model would o p e r a t e  o n l y  t o  t h e  l e f t  o f  and below 
t h e  o p e r a t i n g  p o i n t .  By choos ing A" t o  more n e a r l y  r e p r e s e n t  t h e  
s l o p e  o f  t h e  " V o l . "  p l o t  i n  t h i s  r e g i o n ,  s i g n i f i c a n t  improvement 
i n  model performance i n  t h e  same r e g i o n  can b e  gained.  (See 
F i g u r e  B-33.) 
S i m i l a r  ad jus tment  o f  AL t o  more n e a r l y  r e p r e s e n t  t h e  v e r t i -  
c a l  spac ing o f  t h e  c o n s t a n t  p ressu re  l i n e s  i n  t h e  r e g i o n  o f  
i n t e r e s t  w i l l  a1 so improve performance.  For t h e  example s p r i n g  
cons ide red  here ,  K appears t o  be near optimum as shown. I n  
P  
genera l ,  t h e  goal  when choos ing t h e  va lues o f  AV, A,-, and KD i s  
t o  o b t a i n  t h e  most accu ra te  l i n e a r  app rox ima t ions  o f  t h e  s p r i n g  
d a t a  ( b o t h  "Vol . " and c o n s t a n t  p ressu re  p l o t s )  as p o s s i b l e  w i  t h i n  
t h e  expected r e g i o n  o f  o p e r a t i  on. 
8 . 9 . 4  The A i r  D e l i v e r y  System. The d i s c u s s i o n  o f  t h e  
p r e v i o u s  s e c t i o n  assumed no a i r  f l o w  i n t o  o r  o u t  o f  t h e  a i r  
s p r i n g .  Th is ,  o f  course,  i s  n o t  t h e  case. F i g u r e  B-34 diagrams 
t h e  p lumbing system o f  a  t y p i c a l  tandem a i r  suspension.* As 
*Note t h a t  h e i g h t  r e g u l a t i n g  va l ves  a r e  i n d i c a t e d  s i n c e  t h i s  
model i s  i n tended  f o r  use as a  f u l l  suspension,  n o t  as t a g  
ax1 es. 
Figure B- 33.  
I I e igh t  - i n .  
Improved model p e r f o r m a n c e  w i t h i n  a 






Figure R-34. Air Suspension Plumbing Diagram 
shown, a i r  may e n t e r  o r  e x i t  an a i r  s p r i n g  v i a  t h e  h e i g h t  
r e g u l a t o r  o r  t h rough  i t s  i n t e r c o n n e c t i o n s  w i t h  t h e  o t h e r  s p r i n g  
on t h e  same s i d e  o f  t h e  v e h i c l e .  
A i r  f l o w  th rough t h e  h e i g h t  r e g u l a t o r s  i s  t y p i c a l l y  q u i t e  
s low, b u t  may have an e f f e c t  on t h e  p i t c h  a t t i t u d e  o f  t h e  v e h i c l e  
near  t h e  end of a  h igh-speed s top .  More i m p o r t a n t l y ,  t h e  i n t e r -  
c o n n e c t i o n  between t h e  two a x l e s  o f  a  tandem may have a  s i g n i -  
f i c a n t  l o a d  l e v e l i n g  e f f e c t .  
The same model i s  proposed f o r  each o f  t h e  seve ra l  f l o w  
pa ths  ( t o  be enumerated l a t e r ) .  B a s i c  t o  t h i s  model a r e  t h e  
assumptions t h a t  ( 1 )  d u r i n g  a  s i n g l e  t i m e  s t e p  ( a t  = 0.0025 sec) 
t empera tu re  i n  t h e  a i r  s p r i n g  i s  c o n s t a n t ,  and ( 2 )  t h e  mass f l o w  
o f  a i r  i n  a  g i v e n  f l o w  p a t h  may be d e s c r i b e d  by :  
where 
d  M 
(m) i: t h e  mass r a t e  o f  a i r  f l o w  i n t o  ( p o s i t i v e )  
t h e  s p r i n g  v i a  t h e  p a r t i c u l a r  f l o w  pa th  
P: t h e  gauge a i r  p r e s s u r e  i n  t h e  s p r i n g  
Pei : t h e  gauge a i r  p ressu re  a t  t h e  o p p o s i t e  end 
o f  f l o w  p a t h  i ( s u p p l y  p ressu re ,  a tmospher ic  
p ressu re ,  o r  p r e s s u r e  i n  t h e  o t h e r  s p r i n g )  
C f :  a  c o n s t a n t  p r o p e r t y  o f  t h e  f l o w  pa th  i. 
Then f o r  e i t h e r  a i r  s p r i n g ,  assuming t h e  i d e a l  gas law 
where 
' a t  
i s  a tmospher ic  p ressu re  
R i s  t h e  gas c o n s t a n t  
V i s  t h e  a i r  s p r i n g  volume 
T i s  t h e  a b s o l u t e  temperature  i n  t h e  s p r i n g  
M i s  t h e  a i r  mass i n  t h e  a i r  s p r i n g .  
Then b y  d i f f e r e n t i a t i n g  
where n  i s  t h e  number o f  f l o w  paths .  
S ince  R and T a r e  cons tan ts ,  Equa t ion  (B-222) may be 
w r i  t t e n  
Combining Equat ions (8-220) and (B-223) and r e a r r a n g i n g :  
= 1 [i Ci(P - P) - ( P i  Pat,$] d  t V (8-224) 
1 = I  i 
where 
The t i m e  s t e p  a t  wh ich  t h e  H S R I  s i m u l a t i o n  program proceeds 
( ~ t  = 0.0025 sec) i s  ex t reme ly  smal l  r e l a t i v e  t o  t h e  expected 
dynamic b e h a v i o r  o f  t h e  a i r  d e l  i v e r y  system. Consequently, t h e  
s i m p l e s t  f o rm o f  d i g i t a l  i n t e g r a t i o n  w i l l  be  adequate f o r  t h e  
s o l  u t i o n  o f  Equa t ion  (8 -224) .  There fo re ,  f r o m  Equa t ion  (B-224) 
where t h e  s u b s c r i p t  (AV) i n d i c a t e s  an average v a l u e  o v e r  t h e  
t i m e  s t e p  and t h e  s u b s c r i p t  (D) i n d i c a t e s  " o f  t h e  d e l i v e r y  system. " 
D e t e r m i n a t i o n  o f  t h e  va lues o f  V A V ,  PAVy and v to be 
s u b s t i t u t e d  i n t o  t h e  r i g h t - h a n d  s i d e  o f  Equa t ion  (B-226) w i l l  b e  
d i scussed  i n  S e c t i o n  B.9.5 .  S u f f i c e  t o  say they  w i l l  be 
approx ima t ions  t o  t h e i r  average va lues  o v e r  t h e  t i m e  s t e p .  
F i g u r e  B-28 i l l u s t r a t e s  a l l  t h e  f l o w  paths  a v a i l a b l e  i n  t h e  
tandem a i r  suspension model. As shown i n  t h e  f i g u r e ,  t h e r e  i s  an 
i n p u t  and exhaust  c o e f f i c i e n t  p l u s  a  s w i t c h i n g  mechanism asso- 
c i a t e d  w i t h  t h c  a i r  s p r i n g  o f  each a x l e .  E i t h e r  o f  t hese  
r e g u l a t o r s  may be removed from t h e  model b y  s e t t i n q  t h e  appro-  
p r i a t e  f l o w  c o e f f i c i e n t s  t o  ze ro .  A f l ow  c o e f f i c i e n t  i s  a l s o  
a v a i l a b l e  t o  d e s c r i b e  f l o w  between t h e  a x l e s .  Assoc ia ted  w i t h  
each s w i t c h i n g  mechanism i s  a  t i m e  l a @  as d e s c r i b e d  i n  S e c t i o n  
2.1.8. 
The d e t a i l s  o f  t h e  i n t e r r e l a t i o n s h i p  between t h e  a i r  s p r i n g  
and a i r  d e l i v e r y  system models w i l l  be  covered i n  t h e  f o l l o w i n g  
s e c t i o n .  I n  genera l ,  t h e  v a l u e  o f  A P ~  determined b y  t h i s  a i r  
d e l i v e r y  model w i l l  be  used as  a  m o d i f i e r  t o  t h e  v a l u e  o f  A P  
a s s o c i a t e d  w i t h  t h e  a i r  s p r i n g  model .  (See Equa t ion  (B-217) .) 
8 . 9 . 5  The Complete Model. I n  t h i s  s e c t i o n ,  t h e  i n t e r -  
r e l a t i o n s h i p s  between t h e  t h r e e  p o r t i o n s  o f  t h e  a i r  suspens ion 
model w i l l  b e  desc r ibed .  A conceptua l  f l o w  d iagram o f  t h e  model 
appears i n  F i g u r e  B-35 .  I t  may be h e l p f u l  i n  unders tand ing  t h e  
m a t e r i a l  i n  t h i s  s e c t i o n  t o  r e f e r  t o  t h i s  f i g u r e .  I n i t i a l l y ,  t h e  
a i r  s p r i n g  and a i r  d e l i v e r y  system models w i l l  b e  combined t o  
fo rm a  t o t a l  a i r  system model . To complete t h e  model , a i r  and 
mechanical  systems w i l l  t h e n  be combined. 

To t h i s  p o i n t ,  t h e  a i r  system has been cons ide red  as two 
sepa ra te  systems, t h e  a i r  s p r i n g  and t h e  a i r  d e l i v e r y  system. 
I m p o r t a n t  t o  t h e  i n t e r a c t i o n  o f  these systems i s  t h e  f a c t  t h a t ,  
i n  gene ra l  terms, t h e  dynamic response o f  t h e  a i r  d e l i v e r y  system 
can be expected t o  be v e r y  much s lower  than  t h a t  o f  t h e  a i r  
s p r i n g - t i r e  spr ing-unsprung mass system. ( Indeed,  i t  i s  t h i s  
d i f f e r e n c e  i n  response wh ich  has a l l owed  t h e  s e p a r a t i o n  o f  t h e  
s p r i n g  and d e l i v e r y  system.) S ince  t h i s  i s  t h e  case, i t  can be 
expected t h a t  over  t h e  s h o r t  t i m e  span o f  a  s i n g l e  i n t e g r a t i o n  
t i m e  s tep ,  t h e  t o t a l  change i n  a i r  p ressu re  i n  t h e  a i r  s p r i n g  
(bPT) w i l l  be dominated b y  t h e  e f f e c t  o f  t h e  a i r  s p r i n g  as i n d i -  
ca ted  b y  Equa t i on  (B-217) .  ( A P  as c a l c u l a t e d  f rom Equa t i on  (B-217) 
w i l l  be des igna ted  bps, i . e . ,  A P  o f  t h e  s p r i n g  model, i n  t h i s  
s e c t i o n . )  By comparison, nPD. t h e  change i n  p ressu re  due t o  t h e  
d e l  i v e r y  system, w i  11 be smal l  f o r  any g i v e n  t ime  s tep .  The more 
i m p o r t a n t  e f f e c t  o f  nPD w i l l  be i t s  accumu la t i ve  e f f e c t  o v e r  a  
l o n g e r  p e r i o d  o f  t i m e .  
Now d e f i  n i  ng , 
Pt: a i r  s p r i n o  p ressu re  a t  t h e  b e y i n n i n g  o f  a  
t i m e  s t e p  
PAV:  average a i r  s p r i n g  p ressu re  d u r i n g  t h e  
t i m e  s t e p .  
Then assuming t h e  t o t a l  a i r  s p r i n g  p ressu re  change may be w r i t t e n  
i t  f o l l o w s  t h a t  
B u t  f r o m  t h e  p reced ing  d i s c u s s i o n  
and t h e r e f o r e  i t  may b e  assumed 
The average p ressu re ,  PAV, o f  Equa t ion  (8-23) i s  then t h e  
v a l u e  t o  be used i n  t h e  r i g h t - h a n d  s i d e  o f  Equat ion  (B-226) t o  
c a l c u l a t e  A P ~ .  
I n  a d d i t i o n  t o  PAv, t h e  r i g h t - h a n d  s i d e  o f  Equat ion  (8-226) 
a l s o  r e q u i r e s  va lues o f  VAv  and ( d V / d t ) A v .  These va lues become 
a v a i  l a b l e  s i m p l y  b y  pe r fo rm ing  t h e  d i g i t a l  i n t e g r a t i o n  t o  determine 
t h e  new p o s i t i o n s  o f  t h e  sprung and unsprung masses ( v i a  HPCG) 
b e f o r e  s o l v i n g  Equat ion  (8-226) .  W i t h  t h i s  done, t h e  mass p o s i -  
t i o n s ,  and consequent ly  t h e  s p r i n g  h e i g h t s ,  a r e  known b o t h  a t  
t h e  b e g i n n i n g  and end o f  t h e  p a r t i c u l a r  t i m e  s tep .  Then, ah i s  
a l s o  known f o r  t h a t  t ime  s tep ,  and f rom Equa t ion  (B-213) A V  i s  
known. By d e f i n i t i o n  
and 
where V t  i s  t h e  volume a t  t h e  beg inn ing  o f  t h e  t i m e  s t e p .  
A t  t h i s  p o i n t ,  s u f f i c i e n t  i n f o r m a t i o n  i s  a v a i l a b l e  t o  
c a l c u l a t e  t h e  t o t a l  p ressu re  change, A P ~ ,  wh ich ,  w i t h  ah, i s  
s u b s t i t u t e d  i n t o  Equat ion  (8-212) ( r e p l a c e  AP w i t h  A P ~ )  t o  
o b t a i n  t h e  change i n  s p r i n g  f o r c e ,  AL.  Note t h a t  Equat ion  (8-212) 
was d e r i v e d  independen t l y  o f  t h e  assumed e q u a t i o n  o f  o p e r a t i o n  
( pav = Const . )  and i s  v a l i d  rega rd less  o f  t h e  source o f  AP o r  
ah. 
The f i n a l  s t e p  i n  t h e  o p e r a t i o n  o f  t h e  a i r  system model i s  
an ad jus tmen t  o f  t h e  " c o n s t a n t "  i n  t h e  equa t ion .  
P ~ v ~ ' ~ ~  = c o n s t a n t  (8-233) 
Combining Equa t ion  (B-233) and (8-214) y i e l d s  
Note t h a t  t h e  b a s i c  assumpt ions,  g i v e n  i n  t h e  opening 
remarks o f  S e c t i o n  8.9.3,  s t a t e s  t h a t  Equa t ion  (B-234) h o l d s  
o v e r  a  s i n g l e  i n t e g r a t i o n  t i m e  s tep .  However, due t o  t h e  a c t i o n  
o f  t h e  a i r  d e l i v e r y  system, Po and Vo must be updated between 
i n t e g r a t i o n  s teps.  As t h e  s o l u t i o n  acco rd ing  t o  the  model 
p rogresses through a  t i m e  s tep ,  A P ~  i s  f i r s t  found acco rd ing  
t o  an e q u a t i o n  d e r i v e d  f rom Equa t ion  (8-233) .  Next ,  t h i s  
p ressu re  change i s  a1 t e r e d  b y  t h e  amount, AP, and, thus ,  i s  no 
l o n g e r  compa t ib le  w i t h  Equa t ion  (B-233).  Consequently, t o  p r e -  
pa re  t h e  model f o r  s o l u t i o n  i n  t h e  n e x t  t i m e  s t e p  t h e  va lues o f  
Po and Vo must be updated. That  i s ,  
A more g r a p h i c a l  r e p r e s e n t a t i o n  o f  t h i s  o p e r a t i o n  appears 
i n  F i g u r e  B-36. The i n i t i a l  c o n d i t i o n  o f  t h e  a i r  s p r i n g  model 
i s  rep resen ted  b y  p o i n t s  A and A ' .  The v a l u e  ~h  i s  determined 
b y  ( 1 )  i n t e g r a t i o n  o f  t h e  dynamic v a r i a b l e s  t o  o b t a i n  ZSP and 
( 2 )  t h e  geometry o f  t h e  mechanical  1  inkage.  bPS i s  determined 
b y  f o l l o w i n g  t h e  " o p e r a t i n g  l i n e "  (PaV = cl) t o  p o i n t  B 
H e i g h t  - i n .  
F i g u r c  B -36. Air Suspension O p e r a t i o n  
Over a S i n g l e  Time S t e p  
w h i l e  A V  i s  determined by f o l l o w i n g  t he  "Vo1 . "  1 i n e  t o  B I .  AP, 
i s  then c a l c u l a t e d  and t h e  f i n a l  c o n d i t i o n  o f  t he  a i r  s p r i n g  i s  
determined by moving f rom p o i n t  B t o  p o i n t  C ,  a d is tance  o f  AP, 
a l ong  a 1 i n e  o f  cons tan t  h.  (Constant  h because i t  can change 
no more than ~ h . )  The c o n d i t i o n  o f  t he  a i r  s p r i n g  no l onge r  
agrees w i t h  t he  o r i g i n a l  ope ra t i ng  l i n e .  Consequently, t he  values 
o f  Po and Vo a re  updated t o  pressure and volume o f  p o i n t s  C and 
C t  , r e s p e c t i v e l y  (ho and Lo a re  s i m i l a r l y  updated),  and a new 
ope ra t i ng  l i n e  i s  es tab l i shed  accord ing t o  
where 
us i ng  t h e  updated values o f  Po and V o .  
Th is  completes t he  ope ra t i on  o f  t he  a i r  system model. I t  
remains o n l y  t o  r e l a t e  t h e  a i r  sp r i ng  load,  I, and he igh t ,  h, 
t o  t he  mechanical 1 i nkage model . Designat ing hi and Li as t he  
i n i t i a l  ( s t a t i c )  values o f  h and L,  then f rom t h e  geometry and 
n o t a t i o n  o f  F i gu re  8-28 
h - hi = AA2/AA3 ZSP (8-238) 
and 
Equat ions (6-238) and (B-239) compl e t e  t h e  proposed model 
o f  t h e  a i r  suspension system. Equat ion (B-238) i s  used t o  compute 
ah f o r  i n p u t  t o  t h e  a i r  systemmodel .  Equat ion (B-239) i s  used 
t o  compute t h e  dynamic s p r i n g  f o r c e  needed by FCT t o  compute t h e  
d e r i v a t i v e s  f o r  t he  nex t  i n t e g r a t i o n  s t ep .  
B  .9.6 S t a t i c  C o n s i d e r a t i o n s .  The p reced ing  s e c t i o n s  
have d e s c r i b e d  t h e  v a r i o u s  p o r t i o n s  o f  t h e  dynamic a i r  suspen- 
s i o n  model. I t  remains t o  d e s c r i b e  t h e  c a l c u l a t i o n s  which 
determine t h e  s t a t i c  normal t i r e  l oads ,  a i r  s p r i n g  l o a d  and a i r  
s p r i  ng p ressu re .  
Us ing t h e  d e f i n i t i o n s  g i v e n  i n  S e c t i o n  B.1 and r i g i d  body 
a n a l y s i s ,  app l  i e d  t o  t h e  s t a t i c  f ree-body d iagram o f  F i g u r e  B-37, 
i t  can be shown t h a t  
STORQ = SRATIO SSFV + SCONST (B-240) 
SSFV = WS1 + WS2 - NS1 - NS2 (B-241) 
STORQ = (WS2-NS2)AAl (B-242)  
where WS1 and WS2 a r e  t h e  l e a d i n g  and t r a i l i n g  unsprung 
w e i g h t s ,  r e s p e c t i v e l y ,  and NS1 and NS2 a r e  t h e  s t a t i c  normal 
t i r e  l oads  a t  t h e  l e a d i n g  and t r a i l i n g  a x l e s ,  r e s p e c t i v e l y .  
Combining t h e s e  t h r e e  equa t ions  l e a d s  t o :  
NS1 = WS1 + SSFV [ s R ~ ~ ~ '  SCONST - ] ' AA1 
NS2 = WS1 + WS2 - NS1 - SSFV (8-244) 
The v a l  ues o f  SRATIO and SCONST a r e  determined i n  two 
d i f f e r e n t  ways, depending on whether t h e  tandem ax1 es a r e  i n d e -  
pendent o r  dependent. I f  an a i r  l i n e  i n t e r c o n n e c t i o n  e x i s t s  
between t h e  a i r  s p r i n g s  o f  t h e  two a x l e s  ( i  .e.,  t h e  i n p u t  parameter 
CINTR i s  non-zero) ,  t h e  a x l e s  a r e  "dependent" by v i r t u e  o f  t h e  
f a c t  t h a t  t h e  s t a t i c  a i r  s p r i n g  p ressu re  a t  t h e  two a x l e s  i s  
i d e n t i c a l .  I n  t h i s  case, i t  can be shown t h a t  

SRATIO = A,, AA2(1)/AA3(1) t AL2 AA2(2)/AA3(2) (B-245) 
SCONST = (LO1 AA2(1)/AA3(1) t Lop AA2(2)/AA3(2) 
SRATIO - LO2 AA1 AA2(2)/AA3(2) (B-246) 
I f  t h e  tandem ax1 es a r e  independent  (CINTR = 0) , then  t h e  
s t a t i c  c o n d i t i o n  o f  t h e  a x l e s  i s  i n d e t e r m i n a t e .  I n  t h i s  case, 
t h e  u s e r  must i n p u t  t h e  parameter,  PRCTN1, wh ich  i s  t h e  percentage 
o f  t o t a l  t i r e  normal l o a d  c a r r i e d  a t  t h e  l e a d i n g  a x l e .  I n  t h i s  
case, i t  can be shown t h a t  
SRATIO = AAl(100-PRCTl~1)/100 (8-247) 
SCONST 
F o r  e i t h e r  l e a d i n a  o r  t r a i l i n g  a x l e s ,  t h e  s t a t i c  a i r  s p r i n g  
l o a d  (SFS) and p ressu re  (SP) can be shown t o  b e  
AA3 SFS = (NS - WS) 
where t h e  "1 " and "2"  d e s i g n a t i o n s  have been dropped s i n c e  
these  equa t ions  a r e  a p p l i c a b l e  t o  e i t h e r  a x l e .  

APPENDIX C 
THE SPRUNG MASSES 
C.1 I n t r o d u c t i o n  
T h i s  append ix  r e v i e w s  t h e  mathemat ica l  models which a r e  
employed t o  s i m u l a t e  t h e  mo t ions  o f  t h e  v e h i c l e ' s  sprung masses. 
Models f o r  t h e  s t r a i g h t  t r u c k ,  t r a c t o r - s e m i t r a i l e r ,  and doub les  
comb ina t ion  v e h i c l e s  w i l l  be  cons ide red .  
A1 though a  1  a rge  v a r i e t y  o f  suspension o p t i o n s  a r e  a v a i l a b l e  
f o r  use ( a t  a1 1  suspension p o s i t i o n s  e x c l u d i n g  t h e  f r o n t ) ,  t h e  
sprung mass c a l c u l a t i o n s  a r e  n o t  a l t e r e d  b y  t h e  use o f  d i f f e r e n t  
suspensions.  As e x p l a i n e d  e a r l i e r ,  i n  S e c t i o n  2 and Appendix B, 
each suspension model combines t h e  v a r i o u s  i n d i v i d u a l  suspension 
f o r c e s  i n t o  a  common s e t  o f  g e n e r a l i z e d  suspension r e a c t i o n s  
composed o f  one v e r t i c a l ,  one h o r i z o n t a l ,  and one moment r e a c t i o n  
between suspension and sprung mass. Thus, a  s i n g l e  s e t  o f  sprung 
mass equa t ions  may be used r e g a r d l e s s  o f  t h e  suspension t ypes  
b e i n g  s imu la ted .  
I n  t h e  f o l l o w i n g  two s e c t i o n s  o f  ' t h i s  append ix ,  s t a t i c  and 
dynamic models w i  11 b e  d iscussed,  r e s p e c t i v e l y .  
C.2 S t a t i c  Cons ide ra t i ons  
The c a l c u l a t i o n  o f  f r e q u e n t l y  used c o n s t a n t s ,  i n c l u d i n g  
s t a t i c  l o a d i n g  and t h e  e f f e c t  o f  added payloads,  must  b e  
accompl ished b e f o r e  t h e  a c t u a l  s i m u l a t i o n  process beg ins .  The 
c a l c u l a t i o n  o f  s t a t i c  t i r e  l oads  i s  accompl ished i n  t h e  suspen- 
s i o n  subprograms. These c a l c u l a t i o n s  have been covered i n  
Appendix B .  To de te rm ine  t h e  t i r e  l oads ,  t h e  suspens ion sub- 
programs must  have a v a i l a b l e  t h e  s t a t i c  r e a c t i o n s  p r e s e n t  between 
t h e  v a r i o u s  suspensions and sprung masses ( a  g e n e r a l i z e d  v e r t i c a l  
f o rce  and genera l  i z e d  moment* about  t h e  suspension r e f e r e n c e  
*General i z e d  suspension r e a c t i o n s ,  b o t h  s t a t i c  and dynamic, 
have been d e f i n e d  i n  S e c t i o n  B . l  o f  Appendix B .  
109 
p o i n t *  f o r  each suspens ion) .  T h i s  s e c t i o n  w i l l  deve lop t h e  
equa t ions  by  wh ich  these  s t a t i c  r e a c t i o n s  a r e  determined.  
As d iscussed i n  S e c t i o n  2,  t h e  u s e r  may e n t e r  parameters 
d e s c r i b i n g  t h e  sprung mass o f  t h e  v e h i c l e  chass i s  and t h e  pay- 
l o a d  s e p a r a t e l y ,  t hus  f a c i l  i t a t i  ng conven ien t  changes i n  pay load 
bewteen s i m u l a t i o n  runs .  To enhance t h e  u t i l i t y  o f  t h e  program, 
s t a t i c  c a l c u l a t i o n s  a r e  a c t u a l  l y  per formed t w i c e ,  once f o r  t h e  
"empty" v e h i c l e  assuming t h e  pay load w e i g h t  i s  zero ,  and once f o r  
t h e  " l oaded"  v e h i c l e ,  combin ing t h e  e f f e c t s  o f  b o t h  c h a s s i s  and 
pay load.  Thus, t h e  mathemat ics used t o  combine t h e  e f f e c t s  o f  
t hese  two masses w i l l  be  covered f i r s t ,  f o l l o w e d  b y  t h e  s t a t i c  
l o a d i n g  c a l c u l a t i o n s  wh ich  may be a p p l i e d  t o  e i t h e r  o f  t h e  two 
s t a t i c  l o a d  c a l c u l a t i o n s .  
To i l l u s t r a t e  t h e  mechanism f o r  combin ing t h e  e f f e c t s  of  
c h a s s i s  and pay load  masses, an empty s t r a i g h t  t r u c k  c o n f i g u r a t i o n  
i s  used as an example; t h e  mathemat ics f o r  t h e  a r t i c u l a t e d  v e h i c l e  
a r e  analogous.  A d d i t i o n a l  l y ,  f o r  t h e  doubles comb ina t ion  v e h i c l e s ,  
t h e  mass o f  t h e  d o l l y  i s  t r e a t e d  as a  second "pay load"  on t h e  
second t r a i l e r .  ( T h i s  mass i s  assumed t o  be l o c a t e d  a t  t h e  k i n g -  
p i n  and t o  have ze ro  p i t c h  moment o f  i n e r t i a . )  The empty t r u c k  
and t h e  pay load t o  be added a r e  shown i n  F i g u r e  C-1. The empty 
t r u c k  has sprung w e i g h t ,  W1, p o s i t i o n e d  a t  a p o i n t  A1 inches  
b e h i n d  t h e  f r o n t  a x l e  as shown, and p i t c h  moment o f  i n e r t i a ,  J1, 
abou t  t h a t  p o i n t .  The pay load has w e i g h t ,  PW, and moment o f  
i n e r t i a ,  PJ, about  i t s  c e n t e r  o f  g r a v i t y .  I f  t h e  combined w e i g h t  
and c.p.  l o c a t i o n s  a r e  des igna ted  w i t h  b a r r e d  v a r i a b l e s :  
The summation o f  moments y i e l d s  
- - 
*The suspens ion r e f e r e n c e  p o i n t  f o r  each suspens ion t ype  has 





The new c o n f i g u r a t i o n  i s  shown i n  F i g u r e  C-2. 
Total CG. 7 
Sprung Mass c . G . ~  
* Suspension Reference Points 
F i g u r e  C-2. Tota l  sprung mass c .g .  
The d i s tances  a, b ,  c ,  and d a r e  found u s i n g  t h e  empty 
v e h i c l e  i n f o r m a t i o n  and Equat ions (C-2) and (C-3) .  
c  = DELTAl - DELTAl 
d = PZ - ALPHA1 - DELTA1 (C-4d) 
The p a r a l l e l  a x i s  theorem i s  a p p l i e d  t o  f i n d  t h e  p i t c h  
moment o f  i n e r t i a  o f  t h e  comb ina t ion  o f  t h e  empty t r u c k  p l u s  
t h e  payload:  
For t h e  remainder o f  t h i s  appendix,  t h e  moment o f  i n e r t i a  
and mass c e n t e r  l o c a t i o n  parameters w i  11 appear w i t h o u t  ba rs ,  
w i t h  t h e  unders tand ing  t h a t  t h e  c a l c u l a t i o n s  g i ven  i n  Equat ions 
(C-1 ) th rough (C-5) have been completed i f  a p p r o p r i a t e .  
We may now determine t h e  s t a t i c  suspension r e a c t i o n s  f o r  
each o f  t h e  t h r e e  v e h i c l e  t ypes .  Consider f i r s t  t h e  s t r a i g h t  
t r u c k  sprung mass as shown i n  t h e  s t a t i c  f ree-body diagram o f  
F i g u r e  C-3. The f o r c e s  and moments a c t i n g  on t h e  sprung mass a r e  
t h e  sprung w e i g h t  ( W l ) ,  t h e  g e n e r a l i z e d  r e a r  suspension v e r t i c a l  
f o r c e  (SSFV) and moment (STORQ) and t h e  f r o n t  suspension v e r t i c a l  
f o r c e  (SF11 , (The f r o n t  suspension, b e i n g  a s i n g l e - a x l e  suspen- 
s i o n ,  a p p l i e s  no s t a t i c  moment t o  t h e  sprung mass.) By t h e  
d e f i n i t i o n  o f  SRATIO and SCONST g i v e n  i n  S e c t i o n  B .  1 o f  Appendix 
B , 
SF1 SSFV 
* Suspension Reference Points 
F i g u r e  C-3. S t a t i c  f ree-body diagram: S t r a i a h t  t r u c k .  
STOR? = S R A T I O  SSFV + SCONST ( c - 6 )  
where SRATIO and SCONST a r e  p r o p e r t i e s  o f  a  g i v e n  suspension and 
a r e  c a l c u l a t e d  by t h e  suspension programs as o u t 1  i n e d  i n  Appendix 
B .  Summing moments about t h e  f r o n t  suspension r e f e r e n c e  p o i n t  
o f  F i g u r e  C-3 y i e l d s :  
A1 W1 + (Al+AZ)SSFV t STORO = 0 
Combining Equat ions ( C - 6 )  and (C-7) and s o l v i n g  f o r  SSFV 
y i e l d s :  
A1 W1 - SCONST 
= A1 tA2tSRATIO 
And f rom t h e  summation o f  v e r t i c a l  f o r c e s  
SF1 = -W1 - SSFV (c -9 )  
E q u a t i o n s  ( C - 6 ) ,  (C-8) ,  and (C-9) p r o v i d e  s o l u t i o n s  f o r  t h e  
s t a t i c  suspension forces and moments. 
The s t a t i c  a n a l y s i s  f o r  t h e  t r a c t o r - t r a i l e r  i s  s i m i l a r  t o  
t h a t  f o r  t h e  s t r a i g h t  t r u c k .  Re fe r  t o  t h e  s t a t i c  f ree-body 
diagram o f  F i g u r e  C-4, i n  which s u b s c r i p t s  ( 1 )  and ( 2 )  have been 
added t o  t h e  SSFV and STORQ n o t a t i o n s  t o  des igna te  t h e  r e a r  
t r a c t o r  and t r a i l e r  suspensions, r e s p e c t i v e l y .  Summing moments 
on t h e  t r a i l e r  about  t h e  k i n g p i n  and c o h i n i n g  t h e  r e s u l t  w i t h  
Equa t ion  (C-6) ( w i t h  s u b s c r i p t s  added) y i e l d s :  
Summing v e r t i c a l  f o rces  on t h e  t r a i l e r  and s o l v i n g  f o r  t h e  
k i n g p i n  f o r c e  r e s u l t s  i n  
Then, summing moments on t h e  t r a c t o r  about  t h e  f r o n t  suspension 
r e f e r e n c e  p o i n t  and combining t h e  r e s u l t  w i t h  Equat ion  (C-6) 
( s u b s c r i p t s  added) y i e l d s :  
F i n a l l y ,  f r o m  summing v e r t i c a l  f o r c e s  on t h e  t r a c t o r  
Equat ions (C-10) th rough (C-13) p l u s  (C-6) ,  w i t h  a p p r o p r i a t e  
s u b s c r i p t s  added, p r o v i d e  s o l u t i o n s  f o r  a l l  t h e  s t a t i c  suspension 
r e a c t i o n s  o f  t h e  t r a c t o r - t r a i l e r .  

The s t a t i c  equa t ions  f o r  t h e  doubl es combinat ion  r e s u l t  
f r o m  an a n a l y s i s  analogous t o  t h a t  o f  t h e  t r a c t o r - t r a i l e r .  As 
f o r  t h e  t r a c t o r - t r a i  l e r ,  t h e  a n a l y s i s  s t a r t s  w i t h  t h e  rear-most  
u n i t  and proceeds fo rward  th rough each sprung mass element.  Using 
t h e  n o t a t i o n  o f  F i g u r e  C-5, t h e  f o l l o w i n g  equat ions  a r e  obta ined:  
I n  Equat ion  (C-14),  t h e  s u b s c r i p t s  ( 1 )  th rough ( 4 )  r e f e r  t o  t h e  
t r a c t o r  r e a r  suspension th rough t h e  r e a r  t r a i l e r  suspension 
(moving rearward a long  the  v e h i c l e )  , r e s p e c t i v e l y .  W i t h  t h e  
same s u b s c r i p t s  added t o  Equat ion  (C-6) , these two equat ions  
p r o v i d e  s o l u t i o n s  f o r  a l l  t h e  s t a t i c  suspension r e a c t i o n s  f o r  a  
doub les  combinat ion  v e h i c l e .  
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  s t a t i c  do1 l y  f i f t h  wheel 
f o r c e  (VS3) r e q u i r e s  c o r r e c t i o n  i f  i t  i s  t o  correspond t o  t h e  
a c t u a l  compressive f o r c e  on t h e  f a c e  o f  t h e  f i f t h  wheel o f  t h e  
r e a l  v e h i c l e .  Because t h e  d o l l y  mass i s  t r e a t e d  as a  "payload" 
f o r  t h e  second t r a i l e r  ( see  S e c t i o n  C . l  ) ,  VS3 i s  i n  " e r r o r "  b y  

t h e  q u a n t i t y  W4 (do1 l y  sprung we iqh t )  . D e f i n i n g  t he  " r ea l  " 
do1 l y  f i f t h  wheel f o r c e  as m, i t  can be shown t h a t :  
C.3 The Dynamic Sprung Mass Models 
I n  t h i s  sec t ion ,  a l l  the  dynamic equat,ions o f  t he  doubles 
combinat ion v e h i c l e  s imu la t i on  w i l l  be o u t l i n e d .  Th is  v e h i c l e  
type has been chosen because i t  i s ,  o f  course, t h e  most complex 
o f  t h e  t h r e e  v e h i c l e  types which can be s imulated w i t h  t he  Phase 
I 1 1  programs. The dynamic equat ions f o r  t h e  t r a c t o r - t r a i l e r  and 
s t r a i g h t  t r u c k  may be der i ved  from the  doubles equat ions s imp ly  
by  dropping those equat ions and terms which a re  no t  app l i cab le ,  
o r  a r e  n o t  def ined,  f o r  these s imp le r  veh i c l es .  
A l l  t h e  dynamic equat ions o f  t h e  doubles combinat ion 
veh i c l e ,  except t h a t  f o r  l o n g i t u d i n a l  dece le ra t i on ,  a re  de r i ved  
by app l y i ng  Newton's second law t o  the  f ree-body diagram o f  
F igure  C-6 and us ing  t he  dimensional n o t a t i o n  o f  F igure  C - 7 .  
The 1  ongi  t u d i n a l  dece le ra t i on  equa t ion  i s  obta ined by app l y i  ng 
Newton's second law t o  t h e  e n t i r e  veh i c l e ,  assumina t h a t  a l l  masses 
o f  the v e h i c l e  a re  cons t ra ined  t o  have t he  same l o n g i t u d i n a l  
dece le ra t i on .  The equat ions which a re  de r i ved  a re :  
Decel e r a t i  on: 
KAXL E 
GVW 32 .2  XDD = FX( I )  
where GVW i s  t he  t o t a l  we igh t  o f  t h e  veh i c l e ,  FX(1) i s  t he  t o t a l  
b rake  f o r c e  a t  a x l e  I, MXLE i s  the  t o t a l  number o f  ax les on t he  
veh i c l e ,  and XDD i s  the  l o n g i t u d i n a l  a c c e l e r a t i o n  o f  t he  veh i c l e .  
Figure C 4 .  1)ynamic free-body d i a g r a m :  doubles combination 

Do1 l y  F i f t h  Wheel Forces: 
H 3  = TSFH(4) - M3 XDD 
D o l l y  H i t c h  Forces: 
H 2  = H3 + TSFH(3) 
T rac to r  F i f t h  Wheel Forces: 
where KF i s  the  r a t e  o f  the t r a c t o r  f i f t h  wheel, v e r t i c a l  
sp r ing .  See Reference [I] f o r  a  d iscuss ion  o f  KF. 
Second Trai 1 er Mot ions:  
Bounce: 
P i t ch :  
F i r s t  T r a i l e r  Mot ions:  
Bounce: 
P i t c h :  
T rac to r  Mot ions:  
Bounce: 
MI * ~ l  = SF1 + TSFV(1) t V1 
Pi  t c h  : 
~ 1 . 0 1  = -Ll.DELTAl - SFleA1 - TT1 
+ TSFH(l)*DELTA2 + TSFV(l)*A2 
+ TSTORQ(1) + (A2-BB l ) *V l  - H1*D1 (C-27) 
S i m i l a r  t o  t h e  case i n  t h e  s t a t i c  c a l c u l a t i o n s ,  t h e  dynamic 
d o l l y  f i f t h  wheel fo rces  which a re  c a l c u l a t e d  i n  Equations (C-19) 
and (C-20) va ry  f rom t h e  dynamic f i f t h  wheel fo rces  o f  t h e  r e a l  
v e h i c l e  due t o  t h e  combining o f  do1 l y  and second t r a i l e r  
i n e r t i a l  p r o p e r t i e s .  We can determine the " r e a l  " values o f  
t he  d o l l y  f i f t h  wheel fo rces ,  which we denote as bar red  q u a n t i t i e s ,  
from t h e  free-body o f  t he  d o l l y  i n  which the  do , l l y  ma in ta ins  i t s  
mass (see F igu re  C-8). 
F i g u r e  C-8. Dynamic f ree-body diagram: The do1 l y  
w i t h  sprung mass. 
A p p l y i n g  Newton's second law i n  t h e  x and z d i r e c t i o n ,  
r e s p e c t i v e l y ,  y i e l d s  
S u b s t i t u t i n g  Equa t ion  (C-19) i n t o  (C-28) and (C-20) i n t o  
(C-29) 
S i  nce M4 i s  l o c a t e d  a t  t h e  c o n n e c t i o n  between t h e  d o l l y  and 
second t r a i l e r ,  t h e  v e r t i c a l  a c c e l e r a t i o n  o f  M4 can be expressed 
as a  f u n c t i o n  o f  23 and 03 and t h e i r  d e r i v a t i v e s .  I t  can be 
shown t h a t  f o r  smal l  va l  ues o f  03, 
Note t h a t  i t  was assumed i m p l i c i t l y  i n  Equa t ion  (C-30) t h a t  
~4 = XDD 
Th is  d e r i v e s  f rom t h e  assumption s t a t e d  above t h a t  a l l  masses 
a r e  c o n s t r a i n e d  t o  have t h e  same l o n g i t u d i n a l  d e c e l e r a t i o n .  

APPENDIX D 
THE BRAKE MODELS 
D.1 I n t r o d u c t i o n  
C a l c u l a t i o n  o f  b rake to rque  u s i n g  t h e  b rake  modules r a t h e r  
than  t a b l e s  o f  t o rque  versus l i n e  p ressu re  can be s e l e c t e d  by  
s p e c i f y i n g  f o r  N U M ( 2 ) ,  t h e  number o f  p o i n t s  i n  t h e  t o r q u e - l i n e  
p ressu re  t a b l e  f o r  t h e  f i r s t  a x l e .  Subrou t ine  BRAKE w i l l  t hen  
be c a l l e d  t o  read  i n  t h e  a p p r o p r i a t e  parameters f o r  t h e  brakes on 
each a x l e .  The v a r i o u s  b rake  types t h e  u s e r  can s p e c i f y  a r e :  
no brakes,  S-cam, s i n g l e  o r  dua l  wedge, duo-servo, duplex,  and 
d i s c .  
D.2 Brake Torque C a l c u l a t i o n  
The b rake  to rque  produced a t  t h e  a x l e  i s  c a l c u l a t e d  by  
means o f  t h e  f o l l o w i n g  e q u a t i o n  [ I ] :  
where 
T(1)  i s  t h e  a t tempted brake to rque  on t h e  Ith a x l e  
PB(1) i s  t h e  e f f e c t i v e  1  i n e  p ressu re  a t  t h e  brake 
minus t h e  pushout  p ressu re  
Q ( 1 )  i s  t h e  brake system cons tan t  
BF(1) i s  t h e  b rake  f a c t o r ,  d e f i n e d  as t h e  r a t i o  o f  
drum d r a g  t o  t h e  a c t u a t i n g  f o r c e  o f  t h e  b rake  
shoes [ 2 ] .  
For hydra111 i c  brake systems, 
where 
= a rea  o f  wheel c y l  i n d e r  
'-'c = mechanical  e f f i c i e n c y  o f  t h e  b rake  
r = drum r a d i u s  
For  a i r  b rakes,  
where 
A = b rake  chamber area 
C 
' m  = mechanical  e f f i c i e n c y  between b rake  chamber and 
shoe a c t u a t i o n  
p = l e v e r  r a t i o  between b rake  chamber and b r a k e  shoe. 
Fo r  S-cam brakes,  t h e  l e v e r  r a t i o  i s  g i v e n  b y  
where 
R~ 
= e f f e c t i v e  s l a c k  a d j u s t e r  l e n g t h  
C. 
= e f f e c t i v e  cam r a d i u s .  
For  wedge brakes,  t h e  l e v e r  r a t i o  i s  r e l a t e d  t o  t h e  wedge 
ang le ,  a: 
I f  t h e  brakes a r e  i n  good mechanical cond i t i on ,  the  mechanical 
e f f i c i e n c i e s  e x h i b i t e d  by  S-cam and wedge brakes range from 
0.70 t o  0.75 and 0.80 t o  0.88, r e s p e c t i v e l y  [ 3 ] .  
The va lue  o f  t h e  brake f a c t o r  f o r  the  va r ious  types o f  drum 
and d i s c  brakes requ i r ed  i n  Equat ion (D-1) i s  c a l c u l a t e d  by means 
o f  a n a l y t i c a l  expressions i n  which b rake  f a c t o r  i s  g iven  as a 
f u n c t i o n  o f  brake type, brake geometry, and t h e  c o e f f i c i e n t  o f  
f r i c t i o n  between the  l i n i n g  and t he  drum o r  d i s c .  Brake f a c t o r -  
l i n i n g  f r i c t i o n  c o e f f i c i e n t  r e l a t i o n s h i p s  f o r  t h r e e  commonly used 
brake types a r e  g iven  i n  F igure  D-1 [I]. 
C O E F F I C I E N T  OF B R A K E  L I N I N G  F R I C T I O N  
F igure  D-1. Typ i ca l  b rake  f a c t o r - l i n i n g  f r i c t i o n  
curves f o r  t y p i c a l  drum brakes.  
D.3 Brake F a c t o r  C a l c u l a t i o n s  
T h i s  s e c t i o n  c o n t a i n s  a d e s c r i p t i o n  o f  t h e  b rake  f a c t o r  
c a l c u l a t i o n s  f o r  t h e  seve ra l  t ypes  o f  b rakes used i n  t h e  program 
[4 ,5 ] .  Except  f o r  d i s c  brakes and duo-servo s e l f - a c t u a t i n g  
b rakes ,  t h e  c a l c u l a t i o n s  a r e  made f o r  each shoe, and t h e  t o t a l  
b r a k e  f a c t o r  i s  t h e  sum o f  t h e  b rake  f a c t o r s  c a l c u l a t e d  f o r  each 
shoe. The t h r e e  t ypes  o f  b rake shoes a v a i l a b l e  i n  t h e  program 
a r e :  a p inned l e a d i n g  shoe, a p inned t r a i l i n g  shoe, o r  a l e a d i n g  
shoe suppor ted b y  an abutment. The f o l l o w i n g  t h r e e  equa t ions  a r e  
used f o r  c a l c u l a t i o n  o f  b rake  f a c t o r s  f o r  t hese  i n d i v i d u a l  shoes: 
Pinned Lead ing Shoe ( s e e  F i g u r e  D-2) 
where 
D = HB/RD 
ALPH3 = ALPHO + 2 .0  ALPHl 
APRIM [ALPHO - SIN(ALPH0) COS(APLH3) E = -  
RD 4.0 SIN(ALPH012) SIN(ALPH312) 
APRIPI 1 + -= COS(ALPHO/Z) COS(ALPH312) RD 
= c o e f f i c i e n t  o f  f r i c t i o n  o f  t h e  l i n i n g s  
and a l l  o t h e r  ang les  and dimensions a r e  as shown i n  F i g u r e  D-2. 
Pinned T r a i l i n g  Shoe (see  F i g u r e  D-2) 
The e x p r e s s i o n  f o r  t h e  b rake  f a c t o r  f o r  t h e  p inned t r a i l i n g  
shoe i s  t h e  same as Equa t ion  (D-6) excep t  f o r  a s i g n  change i n  
t h e  denominator :  
L E A D I N G  
SHOE,  P I  
' R A I L I N G  
H O E ,  P I N N E D  
L E A D 1  
S H O E ,  
Figure D-2. Leading shoe-trailing shoe brake.  
U T T E D  
Lead ina Shoe S u ~ ~ o r t e d  b v  an Abutment 
where i n  t h i s  case: 
M = ALPHO + SIN(ALPH0) 4.0 * SIN(ALPH012) 
Angles and dimensions a r e  as shown i n  F i g u r e  D-3. 
The equa t ions  used i n  t h e  program t o  c a l c u l a t e  t h e  b rake  
f a c t o r s  a r e  ( w i t h  t h e  e x c e p t i o n  o f  d i s c  b rakes )  combinat ions  o f  
t h e  above t h r e e  equa t ions .  
Fo r  S-cam b rakes ,  t h e  program sums t h e  b rake  f a c t o r s  
c a l c u l a t e d  f o r  t h e  l e a d i n g  and t r a i l i n g  shoes u s i n g :  
where t h e  f i r s t  t e r m  i s  f r o m  Equa t ion  (D-6) ( a  p inned,  l e a d i n g  
shoe) and t h e  second t e r m  i s  f r o m  Equa t ion  ( D - 7 )  ( a  p inned,  
t r a i l i n g  shoe) .  
Fo r  each o f  t h e  shoes o f  a 2-wedge b rake ,  t h e  program c a l -  
c u l a t e s  t h e  b r a k e  f a c t o r  u s i n g  Equa t ion  (D-8). The b rake  i s  
assumed t o  c o n s i s t  o f  two i d e n t i c a l  l e a d i n g  shoes whose ends 
a r e  suppor ted by abutments. Thus t h e  t o t a l  b rake  f a c t o r  i s :  
For a  s i n g l e  wedge brake,  t h e  b rake  f a c t o r  i s  c a l c u l a t e d  
as i f  t h e  l e a d i n g  and t r a i l i n g  shoes a r e  p inned as i n  Equat ion  
( D - 9 ) .  
For  t h e  duo-servo s e l f - a c t u a t i n g  brake,  t h e  program ca lcu -  
l a t e s  t h e  brake f a c t o r  f o r  each shoe s e p a r a t e l y  and then combines 
them t o  s o l v e  f o r  t h e  t o t a l  b rake  f a c t o r .  The p r i m a r y  shoe i s  
cons idered e q u i v a l e n t  t o  t h e  l e a d i n g  shoe suppor ted by  an abut -  
ment, whose b rake  f a c t o r  can be c a l c u l a t e d  u s i n g  Equat ion  (D-8) .  
The b rake  f a c t o r  f o r  t h e  secondary shoe i s  c a l c u l a t e d  i n  two 
s teps.  F i r s t ,  t h e  secondary shoe i s  assumed t o  be a  p inned 
l e a d i n g  shoe and BF2  i s  c a l c u l a t e d  u s i n g  Equat ion  (D-6) :  
S ince  t h e  b rake  f a c t o r  i s  t h e  drum d r a g  d i v i d e d  b y  t h e  a c t u a t i n g  
f o r c e  on t h e  shoe f r o m  t h e  wheel c y l i n d e r ,  t h e  b rake  f a c t o r ,  BF2 
( f o r  t h e  secondary shoe),  must be c o r r e c t e d  due t o  t h e  f a c t  t h a t ,  
n o t  o n l y  i s  t h e r e  t h e  a c t u a t i n g  f o r c e  f r o m  t h e  wheel c y l i n d e r ,  
b u t  t h e r e  i s  a l s o  t h e  ( t a n g e n t i a l )  f o r c e  generated by t h e  f r i c t i o n  
between t h e  p r i m a r y  shoe and t h e  drum, which adds t o  t h e  f o r c e  
a c t u a t i n g  t h e  secondary shoe. I n  o r d e r  t o  g i v e  t h e  b rake  f a c t o r  
i n  terms o f  t h e  a c t u a t i n g  f o r c e  f rom t h e  wheel c y l i n d e r ,  BF2 
must be m u l t i p l i e d  b y  
A c t u a l  a c t u a t i n g  f o r c e  on secondary shoe - - C2 , BF1 RD 
Force f r o m  wheel c y l i n d e r  AB AB 
(D-13) 
The b r a k e  f a c t o r  f o r  t h e  who le  b rake  i s  g i v e n  as:  
For a  2 - l e a d i n g  shoe brake,  t h e  shoes a r e  assumed t o  be 
suppor ted  by abutments r a t h e r  than  p i n s  and t h e  b r a k e  f a c t o r  i s  
c a l c u l a t e d  t h e  same as f o r  a  2-wedge b r a k e  u s i n g  Equa t ion  (D-10) .  
The b r a k e  f a c t o r  f o r  a  d i s c  b rake  i s :  
BF = 2  F t a n g e n t i a l  
Fwheel c y l i n d e r  
BF = 2  wheel c y l  i n d e r  
Fwheel c y l  i nder  
wh ich  reduces t o  
(D- 1 5 ~ )  
D.4 User  I n p u t  f o r  Brake Modules 
The sequence o f  da ta  i n p u t  f o r  u s i n g  t h e  b rake  modules i s  
shown i n  F i g u r e  D-4. The parameter  NUM(2) i s  read  b y  s u b r o u t i n e  
INPUT. I f  NUM(2) has a  v a l u e  o f  -1, s u b r o u t i n e  BRAKE i s  c a l l e d  
t o  read  t h e  i n p u t  d a t a  f o r  t h e  b r a k e  modules. 
The parameters d e s c r i b i n g  t h e  brakes a r e  read  a x l e  b y  a x l e .  
The b r a k e  t y p e  f o r  a x l e  I ,  I B R T ( I ) ,  i s  read  f i r s t .  I f  t h i s  i s  
zero ,  s i g n i f y i n g  no b rake ,  t h e  program moves on t o  t h e  n e x t  a x l e  
w i t h o u t  a t t e m p t i n g  t o  read  any da ta .  I f  t h e r e  i s  a  b r a k e  on 
no brake AC( I) 
no f u r t h e r  
i n p u t  
S- cam 2-wedge s i n g l e  wedge d  up1 ex duo-servo d i s c  
ALPHO( I) AB( 1) ALPHO(1) AB( 1) AB( 1) 
ALPH3( I) ALPHO( I) ALPHW(1) ALPHO( I) ALPHO( I) 
APRIM( I )  ALPHW( I) A L P H 3 ( 1 )  BETA( I) ALPH3( I) no 
HB( 1) BETA( I) APRIM( I )  c2( 1) APRIM( I) fur ther  
RC( 1) c 2 (  1 )  HB( 1 )  OH( 1) BETA( I) i n p u t  
* A l l  i n p u t  formats a r e  F11.4 except  NUM(2) wh ich i s  I 2  and 
I B R T ( 1 )  wh ich i s  11. 
F i g u r e  D-4. I n p u t  data l i s t  f o r  brake modules. 
a x l e  I, t h e  f i v e  parameters comnon t o  a l l  t h e  b rake  types a r e  
f i r s t  read.  Then t h e  program branches t o  read  parameters 
d e t a i l i n g  t h e  s p e c i f i c  b r a k e  t y p e .  A f t e r  a l l  t h e  parameters 
f o r  an a x l e  have been read ,  t h e  parameters f o r  t h e  n e x t  a x l e  
a r e  read.  When a l l  a x l e s  have been d e a l t  w i t h ,  s u b r o u t i n e  BRAKE 
r e t u r n s  c o n t r o l  t o  s u b r o u t i n e  INPUT. 
D e f i n i t i o n s  o f  t h e  i n p u t  parameters a r e  l i s t e d  i n  Tab le  
D-1 . 
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Number o f  e n t r i e s  i n  t o r q u e  vs. 1 i n e  
p ressu re  t a b l e  f o r  a x l e  1. Se t  t h i s  
parameter t o  -1 t o  s e l e c t  t h e  b rake  module 
o p t i o n .  
Brake t ype  i d e n t i f i e r  
0 = no b rake  
1 = S-cam 
2 = 2-wedge 
3 = s ingle-wedge 
4 = duo-servo 
5 = dup lex  
6 = d i s c  
Brake chamber area ( i n 2 )  
(wheel c y l  i nder  area f o r  duo-servo, dupl  ex, 
and d i s c  brakes)  
Mechanical e f f i c i e n c y  
Pushout p ressu re  ( p s i )  
Drum r a d i u s  ( i n )  
(mean b r a k i n g  r a d i u s  f o r  d i s c  brake)  
u ;  unfaded 1 i n i n u  c o e f f i c i e n t  o f  f r i c t i o n  
See F i g s .  D-2, D-3 
ALPHO + 2*ALPH1 (deg) 
Table  D-1 ( C o n t ' d )  
RC Cam r a d i u s  ( i n )  
SAL S lack  a d j u s t e r  l e n g t h  ( i n )  
AL PHW Wedge a n g l e  (deg )  
KAXLE Number o f  a x l e s  on v e h i c l e  
APPENDIX E 
THE ANTILOCK MODEL 
Three se t s  o f  a n t i l o c k  data a re  1 i s t e d  i n  t h i s  appendix, 
accompanied by corresponding pressure and wheel s l  i p  t ime  
h i s t o r i e s  r ep resen ta t i ve  o f  each data se t .  ( F i  gures E-1 through 
E-3. )  The t ime h i s t o r i e s  which a r e  shown f o r  each data s e t  
r e f l e c t  t h e  approximate behav io r  which a user  should expect.  
These b a s i c  c h a r a c t e r i s t i c s  w i l l  va ry  accord ing t o  the  t i r e  data,  
brakes, and 1 oads employed. 
Antilock D a t a  Set # 1  
0 1 I L O C K  
- 1  I A L O P T l  
f '  OPTION, 
6 .7  b a  7 
a P Z  
,010 
l f l d  
1 flea - 1 - 1 
1 - 1 
,fl81 
@ 1 IALOPT2 
P 1 IALOPT3 
a f l2S T INC 




A n t i l o c k  Data Set #2 

- 
1 ,  
1 r 
4 1 .  
4 1  a 
@, 
- a  1 






01  IALOPT? 
u 1 IALOPT3 
a flZ5 TINC 
g, P TRUCK 












- I  
,02E 
d 1 IALOPT2 
-0 1 IALOPT3 
a P25  TINC 
0, 0 TRUCK 

~ 1 ,  o m o m o  a o m o m o  
O h l n N  .r( O h L A N  






OPTIONAL FIFTH WHEEL MODELS 
The o r i g i n a l  Phase I I 1  T r a c t o r - T r a i  l e r  B rak ing  Performance 
Program employed a  somewhat unique model o f  t h e  f i f t h  wheel 
coup l ing .  T h i s  model assumes a  r i g i d  c o u p l i n g  a t  t h e  f i f t h  wheel 
i n  t h e  f o r e l a f t  d i r e c t i o n ,  b u t  a  compl iant  c o u p l i n g  between t r a c t o r  
and t r a i l e r  i n  t h e  v e r t i c a l  d i r e c t i o n .  (See Eq.  C-21 and 
Reference [ I ] . )  The purpose o f  t h e  v e r t i c a l  mo t ion  s p r i n g  i s  t o  
ma themat i ca l l y  decouple t h e  equat ions o f  mo t ion  o f  t r a c t o r  and 
t r a i l e r ,  thus a v o i d i n g  t h e  need f o r  m a t r i x  s o l u t i o n  o f  these 
equat ions.  The s p r i n g  i s  n o t  in tended t o  model r e a l  compliance 
i n  t h e  f i f t h  wheel. Thus, t h i s  s p r i n g  r a t e  i s  n o t  an i n p u t  
parameter, b u t  i s  f i x e d  w i t h i n  t h e  program based on a  compromise 
between s t i f f n e s s  and system frequency as they  r e f l e c t  on accuracy 
and d i g i t a l  i n t e g r a t i o n  requirements,  r e s p e c t i v e l y .  
Whi le  employing t h e  Phase 111 t r a c t o r - t r a i l e r  program f o r  
p r e l  im ina ry  r i d e  s t u d i e s ,  one user  d iscovered t h a t  u n r e a l i s t i c  
p i t c h  and bounce mot ions o f  t h e  v e h i c l e  cou ld  be p r e d i c t e d .  The 
f i f t h  wheel s p r i n g ,  i n  concer t  w i t h  suspension s p r i n g s ,  a p p a r e n t l y  
c o n t r i b u t e d  t o  u n r e a l i s t i c  sprung mass o s c i l l a t i o n s  i n  t h e  10 Hz 
range. I t  does n o t  appear t h a t  t h e  problem r e s u l t e d  f rom t h e  
model ing concept, b u t  r a t h e r  f rom t h e  cho ice  o f  s p r i n g  r a t e .  I n  
t h e  o r i g i n a l  program, t h e  f i f t h  wheel s p r i n g  r a t e  was a  f i x e d  v a l u e  
e s t a b l  i shed  w i t h i n  t h e  program. 
Two steps have been taken t o  remedy t h i s  problem i n  t h e  most 
r e c e n t  program ve rs ion .  F i r s t ,  t h e  o r i g i n a l  f i f t h  wheel model 
has been a1 t e r e d  i n  two ways. These a re :  ( 1 )  The f i f t h  wheel 
s p r i n g r a t e i s n o w c a l c u l a t e d  b y t h e p r o g r a m .  I t s v a l u e i s c h o s e n  
(dependent on o t h e r  i n e r t i a  and geometr ic  parameters) t o  be r a t h e r  
h i g h ,  b u t  w i t h i n  the  l i m i t s  acceptab le  t o  t h e  d i g i t a l  i n t e g r a t i o n  
r o u t i n e  used i n  t h e  programming. ( 2 )  Damping has been added t o  
t h e  f i f t h  wheel model. The damping c o e f f i c i e n t  i s  a l s o  c a l c u l a t e d  
by t h e  program and i s  approx imate ly  70% o f  c r i t i c a l .  
The second change t o  t h e  program i s  t h e  i n c l u s i o n  o f  a  
" m a t r i x  s o l u t i o n "  o p t i o n .  I f  t h i s  o p t i o n  i s  chosen, t h e  f i f t h  
wheel i s  no l o n g e r  modeled as c o m p l i a n t ,  b u t  as a  r i g i d  c o u p l i n g  
i n  a l l  d i r e c t i o n s .  I n  t h i s  scheme, t h e  p i t c h  and bounce mo t ion  
o f  t r a c t o r  and t r a i l e r  a r e  coup led,  r e q u i r i n g ,  a t  each t i m e  s t e p ,  
s imu l taneous s o l u t i o n  o f  t h e  f o u r  a s s o c i a t e d  equa t i ons  o f  m o t i o n .  
T h i s  model,  w h i l e  p r o v i d i n g  an o p t i o n a l  method o f  p rob lem s o l u t i o n ,  
a l s o  p r o v i d e s  a  "check" on t h e  f i f t h  wheel s p r i n g  model.  
A compar ison o f  t h r e e  s o l u t i o n s  o f  t h e  same "problem,"  u s i n g  
t h e  t h r e e  f i f t h  wheel models ( i  .e.,  t h e  o l d  s p r i n g  model,  t h e  new 
s p r i n g  model,  and t h e  m a t r i x  s o l u t i o n )  i s  shown i n  F i g u r e  F-1 . 
The "prob lem"  i n v o l v e s  a  f i v e - a x l e  t r a c t o r - t r a i  l e r ,  f r e e l y  r o l l  i n g  
a t  50 f t / s e c ,  e n c o u n t e r i n g  a  s t e p  (down) o f  0.1 f t  i n  an o t h e r w i s e  
smooth road  s u r f a c e .  The f i g u r e  d i s p l a y s  t r a c t o r  bounce a c c e l e r a -  
t i o n  and d i sp lacemen t .  
The f i g u r e  shows c l e a r l y  t h a t  t h e  " o l d  s p r i n g "  model i s  v e r y  
o s c i l l a t o r y .  The a c c e l e r a t i o n  t r a c e  i s  so dominated by t h e  10 Hz 
mode t h a t  o n l y  peak a c c e l e r a t i o n s  have been shown. However, t h e  
new s p r i n g  model and t h e  m a t r i x  i n v e r s i o n  s o l u t i o n  agree v e r y  w e l l  
and b o t h  e l i m i n a t e  t h e  u n r e a l i s t i c  10 Hz o s c i l l a t i o n .  E a r l y  i n  
t h e  s o l u t i o n ,  p r e d i c t i o n s  by these two models d i s a g r e e  somewhat, 
b u t  a r e  qua1 i t a t i v e l y  q u i t e  s i m i l a r .  In imed ia te ly  f o l l o w i n g  c l e a r -  
ance o f  t h e  road  d i s t u r b a n c e  by t h e  l a s t  a x l e ,  t h e  s o l u t i o n s  
become v i r t u a l l y  i d e n t i c a l .  
I t  would be o n l y  c o n j e c t u r e  t o  say which s o l u t i o n  i s  " b e t t e r "  
a t  t h i s  p o i n t .  F i f t h  wheels a r e  n e i t h e r  r i g i d ,  as t h e  m a t r i x  
s o l u t i o n  assumes, n o r  as c o m p l i a n t  ( o r  v i s c o u s )  as t h e  s p r i n g  
s o l u t i o n  assumes. F u r t h e r ,  f o r  r i d e  c o n s i d e r a t i o n s ,  i t  i s  v e r y  
l i k e l y  t h a t  t h e  r i g i d  body assumpt ions ( n o  f rame compl iance)  o f  t h e  
genera l  model i n t r o d u c e  g r e a t e r  e r r o r s  t han  e i t h e r  o f  t h e  newer 
f i f t h  wheel models. 
Time, sec. 
F i g u r e  F-1 .  Comparison of  problem s o l u t i o n  by t h e  t h r e e  f i f t h  wheel 
models . 153 
The program changes r e q u i r e  t h a t  t h e  subprograms M I N V  and 
GMPRD be made a v a i l a b l e .  Both  o f  these subprograms a r e  a v a i l a b l e  
i n  t h e  IBM S c i e n t i f i c  Subrou t ine  Package which  most users  w i l l  
have on l i n e .  Bo th  subprograms a r e  c a l l e d  f r o m  FCTl when (and o n l y  
when) t h e  m a t r i x  s o l u t i o n  i s  chosen. M I N V  i s  c a l l e d  o n l y  once 
f r o m  t h e  i n i t i a l i z a t i o n  p o r t i o n  ( e n t r y  p o i n t  FCT1) o f  FCT1. GMPRD 
i s  c a l l e d  a t  each i n t e g r a t i o n  t i m e  s t e p  f rom t h e  a c t i v e  p o r t i o n  
( e n t r y  p o i n t  FCT) o f  FCT1. 
The new s p r i n g  model i n t r o d u c e s  no changes f rom t h e  u s e r ' s  
p o i n t  o f  view, i . e . ,  program m a n i p u l a t i o n  i s  e x a c t l y  as i n  t h e  p a s t .  
The m a t r i x  s o l u t i o n  r e q u i r e s  t h a t  a  n e g a t i v e  number be e n t e r e d  f o r  
TIMF, t h e  maximum r e a l  t i m e  f o r  s i m u l a t i o n  ( s e c ) .  For example, i f  
TIMF i s  e n t e r e d  as (+3 .0 ) ,  t h e  s i m u l a t i o n  w i l l  r u n  f o r  3  seconds 
r e a l  t i m e  and s o l u t i o n  w i l l  be per  t h e  new s p r i n g  model; i f  TIMF 
i s  en te red  as ( - 3 . 0 ) ,  t h e  s i m u l a t i o n  w i l l  r u n  f o r  3  seconds r e a l  
t i m e  and s o l u t i o n  w i l l  be  p e r  t h e  m a t r i x  i n v e r s i o n  model. 


